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Chapter 1

General Relativity and Gravitation

1.1 Causal Structure

The basic object of sudy in GR is the space-time, a four-dimensional orientable manifoldM together
with a Lorentzian metric g.

Definition 1.1.1. A Lorentzian metric g is a continuous assignment to each point x ∈ M of
a quadratic form in TxM such that the following holds: ∃X ∈ TxM and ∃ξ ∈ T ∗xM such that
ξ(X) > 0 and if we denote by LX the linear span of X, LX := {λX | λ ∈ R} and by Σξ the
hyperplane in the tangent space at x corresponding to ξ, Σξ := {Y ∈ TxM | ξ(Y ) = 0}, then we
have that gx|LX is negative definite and gx|Σξ is positive definite.

We can then define

Ix := {X ∈ TxM | gx|LX is negative definite}

This forms an open cone in the tangent space at x , and is called the set of time-like vectors at
x. Then for any hyperplane Σ in TxM not intersecting Īx except at the origin, gx|Σ is positive
definite. In fact, ∃X ∈ Ix such that Σ = {Y ∈ TxM | gx(X,Y ) = 0} (Exercise.)

Equivalently, a quadratic form is Lorentzian if there exists for every x ∈M a basis {E0, E1, E2, E3}
for TxM such that the matrix ηµν := g(Eµ, Eν) is diagonal, with diagonal entries equal to
−1, 1, 1, and 1. Then ∀X ∈ TxM, X = XµEµ, gx(X,X) = −(X0)2 +

∑3
i=1(Xi)2, and

Ix = {X |gx(X,X) < 0}.
The set Ix is clearly the union of two connected open sets. We designate one of the two

components as being the future one, denoted by I+
x , and we further assume about M that it is

time-orientable, i.e. that a such a choice can be made everywhere on it in a continuous fashion.
Then Ix = I+

x ∪ I−x with I−x := {X | − X ∈ I+
x }. I+

x is called the set of future-directed timelike
vectors.

A C1 curve in M is called timelike, if its tangent line at every point x on the curve belongs to
Ix. An oriented curve in M is called future-directed timelike if its tangent vector at every point x
belongs to I+

x .
For x ∈M we define the chronological future of x as follows:

I+(x) := {y ∈M | ∃timelike future-directed curve in M from x to y}

For K ⊂ M we define I+(K) := ∪x∈KI+(x). We define chronological pasts I−(x) and I−(K)
similarly.
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4 CHAPTER 1. GENERAL RELATIVITY AND GRAVITATION

A curve in M is called causal if its tangent at each x belongs to Īx. Replacing everywhere
‘timelike’ by ‘causal’ we arrive at the definition for the causal future J +(K) and causal past J −(K)
of a set K ⊂ M. Their physical significance is as follows: J +(K) is the set of space-time events
that can be influenced by the events in K, while J −(K) is the set of events that can influence
events in K. By the causal structure of (M, g) we mean the collection {J±(x)}x∈M. It is clear
that two metrics g and g̃ such that g̃ = Ω2g for Ω a positive function onM, give rise the the same
causal structure on M. Thus the causal structure is equivalent to the conformal geometry of the
space-time.

1.2 Curvature and Gravitation

The basic insight of Einstein was to identify the gravitational force with the Levi-Civita connection
of the Lorentzian metric g, and the gravitational tidal force with the curvature of that connection.

To see this let us recall the notion of normal coordinates from Riemannian geometry. These are
coordinates based at a point in the manifold, with the property that the Christoffel symbols Γkij
all vanish at that point. In Lorentzian geometry, it’s more natural to consider cylindrical normal
coordinates, i.e. normal coordinates along a geodesic. SupposeMn is a Riemannian manifold with
metric g. Let Γ0(t) be a fixed geodesic in M starting at Γ0(0) = x0 ∈ M. Consider all vectors
at x0 orthogonal to Γ′0(0), the tangent vector to Γ0 at x0. These lie in the hyperplane H0, the
orthogonal complement to the vector Γ′0(0). Using any vector v ∈ H0, we can construct geodesics
emanating from x0 with initial velocity v. This way we obtain the hypersurface H0, the union of
all such geodesics, or to put it in terms of the exponential map: H0 = expx0

(H0) = the union over
all v ∈ H0 of the points at parameter value 1 along the geodesic with initial velocity v.

Starting now at a nearby point x on H0, we can take the unit normal to H0 at x and construct
the geodesic Γ with that initial velocity emanating from x. If we now repeat the above construction
at a point Γ0(t) for t > 0 along the original geodesic, we obtain the hypersurface Ht, and we can
thus measure the separation of Γ0 and Γ as a function of t. If the manifoldM were flat, this would
be constant. The variation of this separation of nearby geodesics is a manifestation of the intrinsic
curvature of the manifold M.

The equivalence principle in general relativity is the physical translation of this picture: In a
freely falling laboratory, the laws of motion of particles are the same as in a laboratory which is
at uniform motion in the absence of gravity, i.e. gravity can be transformed away by going to a
freely falling frame. But this can only be done locally: In a large enough laboratory that is in
free fall, gravitational tidal forces will be felt, which for example would distort a large spherical
shell of matter inside the lab into an ellipsoid. Likewise, by taking cylindrical normal coordinates
centered on a given geodesic, one can make the connection coefficients vanish on the geodesic itself,
but curvature cannot be transformed away, it manifests itself in the deviation of nearby geodesics.
We’ll make this precise below.

Let {E1, . . . , En−1} be an orthonormal basis for H0. We obtain an orthonormal basis for Ht

by parallel propagating this frame, which we again denote by {E1, . . . , En−1}. Given an arbitrary
point P in a suitable neighborhood of Γ0, we can assign coordinates to P , called (t, x1, . . . , xn−1),
where t is the value of arclength parameter along Γ0 such that P ∈ Ht; and

∑n−1
i=1 x

iEi = X is the
vector in Ht such that expΓ0(t)(X) = P . The neighborhood is chosen such that the exponenetial
map is one-to-one.

This construction carries over exactly to the Lorentzian case: Let (M, g) be a space-time, and
let Γ0 be a timelike geodesic parametrized by arclength1 through a point P0 = Γ0(0) ∈ M. Let

1Note that for a timelike curve γ(t) the arclength is defined by ds =
√
−g(γ′, γ′)dt.
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E0 = Γ′0(0) be the unit tangent to this geodesic and let H0 be the orthogonal complement (with
respect to g) of E0. Choose an orthonormal basis {E1, E2, E3} for H0. Then {Eµ}µ=0,...,3 is an
orthonormal basis for TP0M. Parallel propagate the basis of H0 along Γ0 to get an orthonormal
basis for Ht which we denote by {E1(t), E2(t), E3(t)}. Note that the innerproduct is preserved
under parallel propagation. To an event P ∈M we assign coordinates (t, x1, x2, x3) if P ∈ Ht and
P = expΓ0(t)(X) with X = xiEi ∈ Ht.

Now consider a geodesic Γ that’s close to Γ0. Let X(t) denote the vectorfield defined by
Γ(t) = expΓ0(t)(X(t)). Then X(t) = xi(t)Ei(t) satisfies the Jacobi equation

D2X

Dt2
= −R(X,E0)E0

Let us express this in terms of the frame {Ei}. First note that DEi
Dt = 0 since the frame is parallel

propagated. Thus
D2X

Dt2
=
d2xi

dt2
Ei

while R(Ej , E0)E0 = Ri0j0Ei and thus R(X,E0)E0 = xjRi0j0Ei so that

d2xi

dt2
= −Ri0j0xj . (1.1)

Let us compare this formula with the equation of motion of test particles in Newtonian theory: Let
q = (q1, q2, q3) be Cartesian coordinates in R3 and let ψ(q) be a Newtonian gravitational potential,
i.e. the gravitational force felt by a test particle located at q is F = −m∇ψ(q), where m is the
mass of the particle. By Newton’s second law of motion we then have

mq̈i = −m∂ψ

∂qi
. (1.2)

The fact that the same m appears on both sides of this equation is known as the equivalence princi-
ple. Note that the m on the right is properly speaking the gravitational mass of the particle, while
the m on the left is the inertial mass, i.e. the measure of a body’s resistence to being accelerated
under a given force. To see how remarkable this equality is, consider the Electromagnetic case, of
a test charge in an electric field, in which case the force on the particle is qE, so the role of the m
on the right is played by the charge q, which has no relation whatsoever to the inertial mass m on
the left! It shows that gravity is of a different nature.

Cancelling m in (1.2) one obtains

q̈i = −∂ψ
∂q

i

Consider now the problem of motion of nearby particles. Let
◦
q (t) denote the position of a reference

particle, and q(t) that of a nearby one. Let xi(t) = q(t)−
◦
q (t). Then

d2xi

dt2
= −∇iψ(

◦
q (t) + x(t)) +∇iψ(

◦
q (t))

= −∇i∇jψ(
◦
q (t))xj + . . .

which is to say, the gravitational force (∇ψ) vanishes when going to a freely falling frame. Einstein’s
original insight was that this is analogous to the connection coefficients vanishing along the central
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geodesic in a cylindrical normal coordinates system; while the presence of the tidal force (the
Hessian of ψ) is analogous to the apperance of curvature in the geodesic deviation equation (1.1).

Consider now an arrangement of test masses that are initially equidistant from
◦
q and at rest

with respect to it, i.e. dxi

dt = 0 at t = 0. According to the above calculation, to first order,

this sphere will be deformed into an ellipsoid, since to first order d2xi

dt2
= −M i

jx
j , where M is

the Hessian of ψ at
◦
q. From here it can be seen (Exercise) that the sphere’s volume would not

change iff trM = 0. But trM = ∆ψ and indeed Newton’s field equation in vacuum says that the
gravitational potential is a harmonic function ∆ψ = 0. This is thus equivalent to the statement
that the deformation due to tidal forces leaves the volume of an infinitesimal ellipsoid unchanged.

By analogy, in the deviation equation (1.1) M i
j = Ri0j0 so that trM = R00 i.e. the 00-component

of the Ricci curvature tensor Rµν = Rλµλν . But the choice of a time-like direction to begin with
was arbitrary, which means that

Rµν = 0, 0 ≤ µ < ν ≤ 3 (1.3)

and these are indeed the Einstein Vacuum Equations, or EVE for short.

1.3 Matter, Energy, and the Variational Formulation

Before attempting to formulate the interaction of matter with the geometry of spacetime, we must
understand the laws of motion of matter in a given spacetime.

1.3.1 The Lagrangian

According to the principle of least action, the equations of motion of a (scalar, vector, or tensor)
field U representing some form of matter, in a given spacetime (M, g) are the Euler-Lagrange
equations satisfied by the stationary points (under smooth, compactly supported variations in U)
of an action functional

S[g,D;U ] =

∫
D
L

Here D is a domain in M and L is a 4-form on M, called the Lagrangian density, which may
depend on U and its derivatives, as well as the metric g and location x ∈ M. It is often easier to
think of ∗L, the Hodge dual of L, since it is simply a function on M: Let dµg denote the volume
form induced by the Lorentzian metric g on M, i.e. in an arbitrary coordinate system xµ on M,

dµg =
√
−det g dx0 ∧ dx1 ∧ dx2 ∧ dx3

where by det g we mean the determinant of the matrix formed by the metric coefficients gµν :=
g( ∂
∂xµ ,

∂
∂xν ) in the chosen coordinate system. (Note: g is properly speaking a quadratic form on

the tangent bundle, not a linear transformation, therefore it does not have an invariantly defined
determinant. Nevertheless, it is easy to see (Exercise) that the expression given for dµg under a
change of coordinates transforms the way it should, i.e. like a 4-form.) Since the vector space of
4-forms on a 4-manifold is one-dimensional, L must be a multiple of dµg, and we define ∗L to be
that multiple L = ∗Ldµg.

By a variation in U we mean

Ṡ :=
d

dε

∣∣∣∣
ε=0

S[g,D, U + εU̇ ]
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where U̇ is smooth, compactly supported in D and of the same type as U . (Note: If U does not
belong to a linear space then this has to be formulated more carefully.)

For a Lagrangian whose dependence on the field U is limited to the field values and the values
of its first derivatives, we can compute the Euler-Lagrange equations satisfied by a stationary
point as follows. Let U : M → Rn be a stationary point of an action with such a Lagrangian
L = L(x, g; q, v), x ∈M, q ∈ Rn, v ∈ L(TxM,Rn). Then

0 =
d

dε

∣∣∣∣
ε=0

S[D, U + εU̇ ]

=

∫
D

∂ ∗ L
∂qa

U̇a +
∂L

∂vaµ
∂µU̇

a dµg

=

∫
D

[
∂ ∗ L
∂qa

− 1√
−g

∂µ

(√
−g∂ ∗ L

∂vaµ

)]
U̇a dµg

So that the Euler-Lagrange equations are

∂ ∗ L
∂qa

− 1√
−g

∂µ

(√
−g∂ ∗ L

∂vaµ

)
= 0

Example. Let U be a scalar field on M and consider the Lagrangian density

L =
1

2
[gµν∂µU∂νU + F (U)]dµg. (1.4)

We obtain that any stationary point U of S must satisfy (Exercise)

�gU + F ′(U) = 0

where �g is the Laplace-Beltrami operator associated to the metric g, which henceforth will be
referred to as the D’Alembertian or the wave operator on M:

�gU =
−1√
−det g

∂µ

(√
−det ggµν∂νU

)
Let f : D → D be a diffeomorphism. The pullback of an m-covariant tensor field S on D under f
is defined as follows:

(f∗S)p(X
1, . . . , Xm) := Sf(p)(Dpf ·X1, . . . , Dpf ·Xm), ∀p ∈M and X1, . . . Xm ∈ TpM

Here Dpf denotes the differential of f at p, which for a diffeomorphism is an invertible linear
transformation of TpM. By analogy, the pullback f∗φ of a scalar field φ is simply (f∗φ)(p) =
φ(f(p)).

This definition can be extended to tensors of any type. For example, if X ∈ Γ(TM) is a
vectorfield on M, the pullback is defined by

(f∗X)(p) = Df(p)f
−1 ·X(f(p))

and so on for tensors of higher rank.
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1.3.2 The Stress Tensor

An action functional is called geometrically invariant if it is invariant under the action of the group
of diffeomorphisms of the domain:

S[D, U ] = S[f−1(D), f∗U ] ∀ diffeo. f : D → D

Examples of such actions are the ones for scalar fields, sigma-models, electromagnetics, perfect
fluids, hyperelastic solids, and for Einstein’s theory of gravitation. For all these theories, except for
the last one, it is possible to introduce local notions of momentum and energy, and to obtain laws
that govern their evolution. We define the symmetric 2-contravariant stress tensor T as follows:

Tµν = −2
∂ ∗ L
∂gµν

− gµν ∗ L

We will see below that T is the variation of the Lagrangian L with respect to the background
metric g. Note also the expression for the 2-covariant version of T (Exercise):

Tµν = 2
∂L

∂gµν
− gµν ∗ L.

Let ξ ∈ Γ(TD) be an arbitrary smooth vectorfield compactly supported in D. Then ξ generates
a 1-parameter group of diffeomorphisms ft on D as follows: Let γx(t) be the unique solution to the
ordinary differential equation γ′(t) = X(γ(t)) that satisfies γ(0) = x. Then (Exercise) ∃ε > 0 such
that ft : D → D defined by ft(x) = γx(t) is a 1-parameter group of diffeomorphisms, for t ∈ (−ε, ε).
The Lie derivative of a tensor S along ξ is by definition

LξS =
d

dt

∣∣∣∣
t=0

f∗t S

which is a tensor of the same rank as S. The following calculations are elementary (Exercise):

1. For f ∈ C∞(M), (Lξf)(p) = (ξ · f)(p) = Dpf · ξ(p)

2. For η ∈ Γ(TM), Lξη = [ξ, η]

3. For the metric g, (Lξg)µν = ∇µξν +∇νξµ

4. For any tensors S and T , Lξ(S ⊗ T ) = LξS ⊗ T + S ⊗ LξT

5. Lξdµg = 1
2g
µν(Lξg)µνdµg = ∇µξµdµg

Consider a geometrically invariant action S. Thus S[D, U ] = S[D, f∗t U ] and therefore

0 =
d

dt

∣∣∣∣
t=0

S[D, f∗t U ]

=

∫
D
∗LLξ(dµg) +

∫
D

∂ ∗ L
∂gµν

(Lξg)µνdµg

+

∫
D

{
∂ ∗ L
∂qa

(LξU)a +
∂ ∗ L
∂vaµ

∂µ(LξU)a
}
dµg

=

∫
D

(
∗L∇µξµ + 2

∂ ∗ L
∂gµν

∇µξν
)
dµg

+

∫
D

[
∂ ∗ L
∂qa

− 1√
−g

∂µ

(√
−g∂ ∗ L

∂vaµ

)]
(LξU)adµg
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so that if U is a stationary point on the action, and thus satisfies the Euler-Lagrange equations,
we get

0 =

∫
D

(
∗L∇µξµ + 2

∗L
gµν
∇νξµ

)
dµg

= −
∫
D
∇ν
(
gµν ∗ L+ 2

∗L
gµν

)
ξµdµg

=

∫
D
∇νTµνξµdµg

for all smooth vectorfields ξ compactly supported in D, and hence

∇νTµν = 0.

The above equations contain all the local conservation laws of the matter field U .

To see the significance of the above equations, consider now a vectorfield X on M, and let
P = T ·X i.e. Pµ = Tµν Xν . It is then easy to compute the divergence of the vectorfield P :

∇µPµ = Tµν∇µXν =
1

2
TµνXπµν

where Xπ is by definition the deformation tensor for the vectorfield X,

Xπµν = ∇µXν +∇νXµ = LXgµν

Consider now the case where Φt, the flow generated by X is an isometry of the manifold M, i.e.
Φ∗t g = g. In that case the Lie derivative w.r.t X of the metric, and hence the deformation tensor
of X would vanish, and the corresponding vector field P would be divergence free. Let R be a
domain inM whose boundary consists of two spacelike hypersurfaces Σ1 and Σ2, with ∂Σ1 = ∂Σ2

(a lens-shaped domain.) Lel ni be the timelike unit normal (with respect to g) of Σi, i = 1, 2. Then
by Stokes theorem

0 =

∫
R

divPdµg =

∫
Σ2

g(P, n2)dσ −
∫

Σ1

g(P, n1)dσ

In other words there is a conserved quantity for this field theory...

We look at some examples now:

1.3.3 Scalar Field

In this case it is easy to compute from the Lagrangian (1.4) that

Tµν = ∂µU∂νU −
1

2
gµν

(
gαβ∂α∂βU + F (U)

)
From here one recovers the notions of energy density e = T00 and momentum density mi = Ti0 for
the scalar field, which on the Minkowski space have the expressions:

e :=
1

2
|∂tU |2 +

1

2
|∇xU |2 +

1

2
F (U)

mi := ∂tU∂iU
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1.3.4 Maxwell-Maxwell Electromagnetics

The Lagrangian for Maxwell’s theory of Electromagnetics in vacuum is

L(x,A, F ) = − 1

4π

(
1

2
F ∧ ∗F +A ∧ ∗J

)
Here A is a one-form on M, the 4-vector potential, and F = dA is the exterior derivative of A,
which is a two-form, in components Fµν = ∂µAν − ∂νAµ, while J = J(x) is a given 1-form on M,
the 4-current due to sources. Note that dependence on the spacetime metric enters through the
Hodge star operator, for

∗Fµν =
1

2
εµνλκF

λκ

Maxwell’s equations in vacuum are the Euler-Lagrange equations for stationary points of the action
corresponding to L. They are simply

dF = 0, d ∗ F = ∗J

The first equation is a consequence of F = dA (and is equivalent to it on any simply connected
domain). The second equation can be rewritten as δF = J where δ = ∗d∗ is the divergence
operator. By setting

Ei = F i0, Bi = ∗F0i, ρ = J0, i = 1, 2, 3

and rewriting the above equations for F one obtains (exercise) the more familiar form of Maxwell’s
equations in terms of the electric and magnetic fields E and B, the electric charge density ρ and
the electric current density j = (J1, J2, J3).

It is clear that the electromagnetic Lagrangian does not define a geometrically invariant action
unless J ≡ 0, i.e. only in the source-free case we have a diffeomorphism-invariance. In that case
we can then compute that (exercise)

∗L =
1

16π
gαγgβδFαβFγδ

and thus the electromagnetic stress tensor is found to be

Tµν =
1

4π

(
gαβFαµFβν −

1

4
gµνF

αβFαβ

)
(1.5)

1.3.5 Geometric Field Theories

We next consider a family of nonlinear examples, in which the field U :M→N takes its values on
a Riemannian manifold N of dimension n, with a given Riemannian metric h on it. Since this is
not a linear space, the notion of a variation U̇ of the field has to be modified, for U + εU̇ no longer
makes sense. We begin by defining the pullback bundle U∗TN , which is a vector bundle over M
whose fibre at base point x ∈M is a copy of the tangent space to N at the image point U(x), i.e.

U∗TN :=
⋃
x∈M
{x} × TU(x)N

Now if {Ut}t∈(−1,1) is a differentiable family of maps from M into N such that U0 = U and Ut
agrees with U outside a compact set in M, and we let U̇ be the tangent vector of this curve at
U(x), i.e.

U̇(x) =
d

dt

∣∣∣∣
t=0

Ut(x)
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then U̇ : x 7→ (x, U̇(x)), which is a section of the pullback bundle U∗TN , is called a compactly
supported variation of the map U . Using this notion of a variation one can now consider stationary
points of action functionals defined for maps U :M→N .

Besides the spacetime metric, the additional geometric structure present in geometric field
theories is the metric h of the target manifold N . The pullback U∗h of the metric h under the
map U is a quadratic form on TM, and any function of its eigenvalues λ1, . . . , λn with respect
to g that is invariant under permutations of those eigenvalues would be a natural candidate for a
geometric Lagrangian. The simplest such Lagrangians would thus correspond to the first invariant
i1 =

∑n
i=1 λi of the pullback metric, namely its trace with respect to the domain metric g:

∗L =
i1
2

=
1

2
tr gU

∗h =
1

2
gµνhab∂µU

a∂νU
b

which is the Lagrangian of the nonlinear sigma-model a.k.a wave maps. We note that the La-
grangian corresponding to the second invariant i2 =

∑
i<j λiλj = 1

2((tr gU
∗h)2− tr g(U

∗h)2) is that
of the Skyrme model, while the 4th invariant i4 = detg U

∗h for n > 4 gives rise to the Lorentzian
version of the minimal surface equations.

The Euler-Lagrange equations for wave maps are therefore of divergence form

∂ν(
√
−g gµνhab∂νU b) = 0

and can be rewritten using the Christoffel symbols Γabc of the target manifold as follows (exercise)

�gU
a + Γabc(U)∂µU

b∂µU c = 0

The stress tensor for wave maps is

Tµν =

(
∂µU

a∂νU
b − 1

2
gµν∂αU

a∂αU b
)
hab

1.3.6 Lagrangian Formulation of Einstein’s Equations

In this section we attempt to ”discover” what the Lagrangian formulation of gravity should be.
Since the unkown of the theory of gravity is the spacetime metric g, the Euler Lagrange equations
for this theory would simply state that the variation of the Lagrangian w.r.t. the metric vanishes.
But we have seen in the above that this is precisely the stress tensor T . Thus from our knowledge
that the vaccum equations should state that the Ricci curvature Rµν = Rµ

α
να vanishes, we may

conclude that for the theory of gravity, the stress tensor must be proportional to the Ricci curvature
Rµν = κTµν . The problem with this guess is the following: We have also seen in the above that
the stress tensor is divergence free ∇µTµν = 0, a property unfortunately not shared by the Ricci
curvature tensor. It turns out that among all 2-covariant tensors that are linear in the second
derivatives of the metric (thus giving us simplest possible equations), there is only one that is
divergence free, and that’s the so-called trace-reversed Ricci tensor, namely

Gµν = Rµν −
1

2
gµνR

. It is thus more likely that T and G are proportional. This is still consistent with the vacuum
case since if the Ricci tensor vanishes, so would its trace, and thus so would G, and vice-versa. It
was a discovery of Hilbert that the equations Gµν = 0 are in fact the Euler-Lagrange equations for
the Lagrangian Lgravity = Rdµg. If we assume now that gravity couples to matter in the simplest
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possible way, i.e. by adding the two action functionals S = Sgravity + κSmatter, it would then
follow that the equations are

Gµν = κTµν

and the corresponding Lagrangian is also a sum L = Rdµg + κLmatter. We can then study the
nonrelativistic limit of this theory to see if we recover Newtonian gravity, which we do, and that
also enables us to evaluate the constant

κ =
8πG

c4
.

An important example of the above is the Einstein-Maxwell-Maxwell system of equations that
one obtains when one couples an electromagnetic field satisfying the source-free Maxwell-Maxwell
equations to the spacetime:

Gµν = κTµν ; ∇µFµν = 0

where Tµν is as in (1.5). The unknown in the above equations is now a triplet (M,g,F) consisting
of a manifold, a Lorentzian metric on it, and an electromagnetic Faraday tensor defined on the
manifold.

1.4 Conservation laws

It turns out that the variational formulation of Einstein’s equations described in the previous
section is of relatively limited use, since it cannot help us discover conserved quantities for the
system. This is because Einstein equations are an exception to the rule: the unknown in these
equations is the metric itself. Recall that the energy tensor for field theory is obtained by varying
the Lagrangian with respect to the metric. In case of Einstein’s equations therefore, along any
solution of the equations the energy tensor will vanish identically! It is possible to give a different
variational formulation of Einstein’s equations that does not suffer from this defect, however the
action in this alternative formulation is not a geometric invariant, i.e. it is not diffeomorphism
invariant. As a result one needs a different way of obtaining conserved quantities. We will pursue
this next, first redoing the harmonic maps example we covered in the above, before moving on to
Einstein’s equations.

1.4.1 Lagrangian field theory revisited

We adopt the approach of [25] for the general set-up: Let (Mm,g) and (N n,h) be two Riemannian
or pseudo-Riemannian manifolds. Any differentiable mapping f : M → N can be viewed as a

section of the velocity bundle V =
⋃

x∈M,q∈N
L(TxM, TqN ), where L(V,W ) denotes the space of

linear transformations from vector space V to vector space W . Using local coordinates (x, q, vaµ)
on V, such a section is given by sf (x) = (x, f(x), Df(x)). A Lagrangian L is an m-form defined
on V, i.e. L = `(x, q, vaµ)ε[g] where ε[g] is the volume form of (M,g). Once evaluated on a section
sf , the Lagrangian becomes an m-form on M, so that it can be integrated on a domain D in M,
and the resulting functional is called the action corresponding to L:

A[f,D] =

∫
D
L ◦ sf .

A critical point of the action A, with respect to variations that are compactly supported in D,
is a solution to the Euler-Lagrange equations for L in D. By analogy with classical Hamiltonian
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mechanics, the quantities (vaµ) are called the canonical velocities, and their duals with respect to
the Lagrangian density ` are called the canonical momenta

pµa :=
∂`

∂vaµ
.

The canonical stress is by definition the Legendre transform (with respect to the velocities) of the
Lagrangian density:

T νµ = vaµp
ν
a − δνµ`.

(Note that this is not a tensor.)

1.4.2 Noether’s theorem

For Y = (Y µ) a vectorfield on M and Z = (Za) a vectorfield on N , the Noether current corre-
sponding to (Y, Z) is

jµ(Y,Z) := pµaZ
a + Tµν Y

ν .

Let J = ∗j be the Hodge dual of j with respect to the metric g. Noether’s Theorem states that,
for any solution f of the Euler-Lagrange equations,

d(J ◦ sf ) = K ◦ sf , K := LZL− LY L,

where L denotes the Lie derivative operator [?]. In particular, if L is invariant under the Lie
flow generated by (−Y,Z) on the velocity bundle V, then J ◦ sf is a closed (m− 1)-form, so that
its integral on any closed m − 1-dimensional submanifold S of M is a homological invariant, i.e.
depends only on the homology class of S.

As particular examples, consider the case where Y is a Killing field of (M,g), i.e. LY g = 0.
If the Lagrangian density ` is invariant under the flow of Y , it follows that LY L = 0, so that the
corresponding Noether current j having Z = 0 is divergence-free: ∂µj

µ
(Y,0) = 0. Similarly, if Z is a

Killing field for (N ,h) and ` is invariant under the flow of Z, then once again one gets a divergence
free current, namely ∂µj

µ
(0,Z) = 0.

1.4.3 Harmonic maps

Definition 1.4.1. A harmonic map f is a critical point, with respect to compactly supported
variations, of the action A, where L = ` ε[g] is the following Lagrangian

`(x, q, vaµ) :=
1

2
gµν(x)hab(q)v

a
µv

b
ν .

Therefore L ◦ sf = 1
2tr gf

∗h ε[g].

The harmonic map action is clearly invariant under the isometries of the domain M and the
target N . Thus any Killing field of either of these manifolds will yield a conservation law for
the harmonic map. Consider in particular a Killing field Z for the target N . The corresponding
Noether current, when evaluated on a solution section sf , is

jµ = pµaZ
a = gµν∂νf

bhabZ
a = gµνφν = (φ])µ

where φ is the pull-back under f of the 1-form ζ, namely φ = f∗ζ, and ζ = Z[ is the dual of the
vectorfield Z with respect to the metric h, namely ζb = habZ

a.
For a physical perspective on harmonic maps, the reader may wish to consult [59, 68].
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1.4.4 Conserved quantities for Einstein’s equations

Recall that `H = −1
4 R[g] is a Lagrangian density function for Einstein’s vacuum equations. Let us

define

Iα =
√
−det g(gµνΓαµν − gµαΓνµν)

(recall that Γ’s are the Christoffel symbols for the metric) and consider a new Lagrangian density
function (first considered by Einstein himself, and by Weyl)

`EW =
−1

4
R+ ∂αI

α =
−1

4

√
−det ggµν(ΓβµαΓανβ − ΓβµνΓαβα)

Since the difference between the two Lagrangians is a complete divergence, the Euler-Lagrange
equations for the corresponding actions would have to be the same, thus `EW is also a Lagrangian for
Einstein’s equations. Note however that this does not give rise to a geometrically invariant action,
since the Christoffel symbols do not form a tensor (they don’t transform as a tensor under change
of coordinates). On the other hand, the obvious advantage of the new variational formulation using
`EW is that the new Lagrangian depends only on the metric and the first derivatives of the metric,
no second derivatives remain in the Lagrangian, thus the version of Noether’s theorem quoted
above may be of use in finding conserved quantities for Einstein equations.

To this end, let us introduce the first derivatives of the metric as canonical velocities vµαβ =
∂µgαβ, and let us define the corresponding canonical momenta

pµαβ =
∂`EW
∂vµαβ

.

The canonical stress is then

T̃µν = pµαβvναβ − δµν `EW .

It follows that ∂µT̃
µ
ν = 0 and thus if X is a constant vectorfield and we set Jµ = T̃µν Xν then

∂µJ
µ = 0. In this way it is possible to find conserved quantities corresponding to time and to space

translations. Using this method however one cannot find the quantities corresponding to space
rotations. This is because T̃µν is not symmetric in µ, ν.

To overcome this problem, we need to go back and recall that even though connection coefficients
(Christoffel symbols) don’t form a tensor, the difference between two connections is a tensor. We
can thus introduce a flat background metric g0 on the spacetime and take the difference between
the Christoffel symbols of g and g0 as the new set of unknowns. This gives rise to a Lagrangian
defined on sections of a vector bundle, where an appropriate version of Noether’s Theorem can be
proved to hold. For details see [26].

Let the vectorfield X be a generator of time translation, space translation, spatial rotation,
or Lorentz boost for the flat background metric g0. The above procedure gives rise to conserved
currents JX corresponding to these vectorfields that associated with energy, linear momentum,
angular momentum, and center of mass of the manifold, respectively. All the conserved currents
that emerge in this way for Einstein equations turn out to be boundary currents. This means that
d(∗JX) = 0 so that ∗JX = dGX for a 2-form GX . Thus the integral of the 3-form ∗JX on Br,t a
3-ball of radius r that lies inside the 3-dimensional t =const. hypersurface in the spacetime is equal
to a boundary integral on the 2-dimensional boundary Sr,t of that ball. It can be shown that even
though these integrals are not invariant under diffeomorphisms, their asymptotic value as r →∞ is
invariant, provided there is sufficient decay in the coefficients of the metric g (See Bartnik [6]. An
outline of the proof is also provided in [26]). This gives rise to the asymptotic quantities known as
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ADM mass, momentum, angular momentum, etc. first introduced by Arnowitt, Deser and Misner
[3]. For future reference we give the definition of ADM mass:

Let Σ be any complete spacelike hypersurface in the spacetime (M,g), and let (xµ) be coordi-
nates covering the outside of a compact set inM with the property that g0i = 0 and g−g0 decays
rapidly enough as |x| → ∞. Let us define the lapse function φ and the second fundamental form k
as follows

φ =
√
−g00, kij =

1

2φ
∂0gij .

For r sufficiently large let Sr be a coordinate sphere of radius r inside Σ. The ADM mass of M is
by definition

m = lim
r→∞

∫
Sr

−1

4

√
−det g

(
gmjgin − gijgmn

)
∂jgmn dSi.

Let

pij = −1

2

√
−det g

(
gimkjm − δijtr k

)
.

Then the ADM linear momentum P and angular momentum J are defined to be

P i = lim
r→∞

∫
Sr

pijdSi, J i = lim
r→∞

∫
Sr

εijkxjp
m
k dSm.

1.4.5 Spacetimes with two commuting Killing fields and the Ernst reduction

Stationary solutions

Consider the Einstein-Maxwell-Maxwell equations (where we have now set c = 1)

Gµν = (8πG)Tµν (1.6)

with Tµν as in (1.5).
A solution triple (M,g, F ) to the above is called stationary if there exists a Killing vectorfield

T for (M,g) whose orbits are complete, diffeomorphic to R, and everywhere timelike in M, and
such that its action leaves F invariant, that is to say

V := −g(T, T ) > 0, LTg = 0, LTF = 0.

Since the electromagnetic field is assumed to be invariant under the action of T , one has

d(iTF ) = −iTdF = 0, d(iT ∗ F ) = −iTd ∗ F = 0

where we have assumed that the component of Maxwell’s equations (2.3) along T is satisfied. Let
U be a simply connected domain in M. By Poincaré’s lemma there are functions φ, ψ defined on
U such that

iTF = dφ, iT ∗ F = dψ.

φ is called the electric potential and ψ the magnetic stream function. Furthermore, let the one-forms
e,b,Γ be defined as follows:

e := iTdT
[, b := iT ∗ dT [, Γ := e + ib.

In particular b = ∗(T [ ∧ dT [) is the twist form of T . It is easy to see that e = dV . On the other
hand, b is not a closed 1-form, but it turns out that the contraction along T of Einstein’s equations
(1.6), i.e. the equations iTR− 1

2RT
[ = 2GiTT, imply that

d(b + κξ) = 0,
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where

κ := 2G

and

ξ := φdψ − ψdφ.

Thus there is a function Y on U such that b = dY − κξ. It then follows that

Γ = dV + idY − iκ(φdψ − ψdφ) = d(V +
κ

2
(φ2 + ψ2) + iY )− κ(φ− iψ)d(φ+ iψ).

Therefore defining the following pair of complex-valued potentials (called Ernst Potentials after
their discoverer F. J. Ernst [32]):

E := V +
κ

2
|Φ|2 + iY, Φ := φ+ iψ,

one obtains that Γ = dE − κΦ̄dΦ. One also notes that on U , ReE − κ
2 |Φ|

2 = V ≥ 0. Therefore the
Ernst potentials take their value in a Siegel domain S in C2:

S := {(E ,Φ) ∈ C2 | ReE ≥ κ

2
|Φ|2}.

Let (N , ḡ) be the (3-dimensional, Lorentzian) quotient manifold of (M,g) under the R-action
generated by T . M can be viewed as a bundle over N , with projection π :M→N taking a point
in M to its orbit under the R action, viewed as a point in N . It is always possible to introduce
coordinates onM that are adapted to the Killing field T , in such a way that the line element of g
reads

ds2
g = −V (dt+ α)2 +

1

V
γijdx

idxj . (1.7)

Here t is a Killing paramemter such that T = ∂
∂t , (xi) is an arbitrary coordinate system on N ,

α = −1
V g0idx

i is a 1-form on N , ḡij = gij + V αiαj is the metric induced by the projection on N ,
and γ is a metric on N which is conformal to ḡ: γ := V ḡ.

Stationary axisymmetric solutions

Let us now assume that the original metric g has another continuous symmetry, generated by
another Killing field which is assumed to be spacelike in M, with orbits of all points not fixed by
its action being diffeomorphic to S1. Let G := R × SO(2) denote the full symmetry group. The
“axis” is now defined as the set of points p in M whose orbits under G are degenerate, i.e. the
isotropy group at p is nontrivial. We say that (M,g, F ) is stationary and axially symmetric if G
acts effectively on (M,g) as an abelian group of isometries leaving F invariant, and such that the
orbits of points not on the axis are timelike 2-surfaces (cylinders). We assume that the axis A is
nonempty. Let K be a generator of the abelian G symmetry linearly independent from T . It can
then be shown (e.g. [86]) that the distribution of the 2-planes which are the orthogonal complements
of span(K,T ) in the tangent space at each point in the manifold is integrable, i.e. the two twist
constants vanish. It then follows that the 2-dimensional quotient manifold (Q, g̃) := (M,g)/G can
be identified with a surface inM, which will have a nonempty boundary corresponding to the axis.
We can once more take coordinates t, ϕ on M that are adapted to the Killing fields, i.e. K = ∂ϕ
and T = ∂t. The line element of g then reads

ds2
g = Xdϕ2 + 2Wdϕdt− V dt2 + g̃abdy

adyb. (1.8)
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where

X := g(K,K), W := g(K,T ), V := −g(T, T ).

The line element can also be written as follows

ds2
g = −V (dt+ fdϕ)2 +

ρ2

V
dϕ2 +

1

V
mabdy

adyb. (1.9)

Here

f :=
W

V
, ρ :=

√
W 2 +XV , mab := V g̃ab.

In particular ρdϕ∧ dt is the area element of the cylindrical group orbits (which are assumed to be
timelike, hence W 2 +XV > 0). Comparing (1.9) with (1.7) we obtain that α = fdϕ, and also that

ds2
γ = ρ2dϕ2 + ds2

m,

thus m is the metric induced on Q from N . Define the vectorfield

K̃ := K − fT

which is the orthogonal projection of K onto N . We have γ(K̃, K̃) = ρ2. It can be shown (see
[84]) that K̃ is a hypersurface orthogonal Killing field for the metric γ, and thus (Q,m) is a totally
geodesic submanifold of (N , γ). Moreover, ρ as a function defined on Q is harmonic (see [86] for a
proof) i.e.

∆mρ = 0.

Let z denote a conjugate harmonic function for ρ. One can then coordinatize Q using (ρ, z). These
are called Weyl coordinates, they provide a nowadays so-called isothermal 2 system of coordinates
for the quotient Q, i.e.

ds2
m = e2u(dρ2 + dz2)

where u = − log |dρ|m. Thus, in Weyl coordinates, the line element of a stationary axially sym-
metric electrovacuum metric can be put in the so-called Lewis-Papapetrou form

ds2
g = −V (dt+ fdϕ)2 +

1

V

(
ρ2dϕ2 + e2u(dρ2 + dz2)

)
.

Ernst equations

Once the Ernst potentials (E ,Φ) are known, all the remaining unknown metric coefficients can be
computed from them using quadratures (see [86] for details). The potentials themselves satisfy a
system of PDEs known as the Ernst equations [32]:

1

ρ
∇ · (ρdE) =

1

V
Γ · dE

1

ρ
∇ · (ρdΦ) =

1

V
Γ · dΦ.

These are in fact equations for an axially symmetric harmonic map from R3 into the Siegel domain
S which is a model for the complex hyperbolic space HC (see [56].)

2First introduced by Lamé, who called them thermometric parameters.
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Symmetry and gauge invariance

The target S of the above mentioned harmonic map is a Hermitian symmetric space, S ≡
SU(1, 2)/S(U(1)×U(2)), on which the 8-dimensional Lie group SU(1, 2) acts as a group of continu-
ous isometries consisting of, loosely speaking, 3 “translations” τz,γ , one “scaling” λβ, one “rotation”
ρα, and three “inverted translations” τ̂z,γ , with the following explicit actions [23]:

τz,γ(E ,Φ) := (E + 2zΦ + |z|2 + iγ,Φ + z), z ∈ C, γ ∈ R
λβ(E ,Φ) := (e2βE , eβΦ), β ∈ R
ρα(E ,Φ) := (E , eiαΦ), α ∈ R

τ̂z,γ(E ,Φ) := i ◦ τz,γ ◦ i(E ,Φ), where i(E ,Φ) := (
1

E
,
Φ

E
)

The rotation ρα in particular is what is usually referred to as a duality rotation. Since the Ernst
equations describe a harmonic map into a symmetric space, they are invariant under the above
action of SU(1, 2), and thus solutions corresponding to (E ,Φ) and (E ′,Φ′) = g(E ,Φ) for any fixed
g ∈ SU(1, 2) should be considered physically equivalent. In addition to these continuous isometries,
there is also a purely discrete one, namely complex conjugation c(E ,Φ) = (Ē , Φ̄), with a similar
requirement for physical equivalence. Note that c2 = id. Now, from the above description of the
action of the group SU(1, 2) on the Ernst pair of potentials (E ,Φ) it is clear that there is only one
non-identity element g ∈ SU(1, 2) with an involutive action, i.e. with g2 = id, namely g = ρπ.

Consider an involutive isometry σ of the extended manifold, e.g. a reflection σ : M̃ → M̃, such
that σ2 = id. for a potential Φ originally defined on M to have an extension to M̃ it would then
be necessary that Φ ◦ σ is equivalent to Φ, i.e. there should exist a g ∈ span(SU(1, 2) ∪ {c}) such
that Φ ◦ σ = gΦ. But σ2 = id and thus g2 = id, so that g ∈ Z2 × Z2, generated by {c, ρπ}. It
follows that under such involutive isometries, Φ can at most change by a sign, or by conjugation,
or both.

1.4.6 Vacuum Ernst Equations

In the absence of an electromagnetic field, i.e. with Φ ≡ 0, the above system of Ernst equations
simplifies considerably. Let us first remark that the above procedure for reducing Einstein’s equa-
tions under the assumption of the existence of two commuting Killing fields, could be equally well
done in the opposite order, starting with the spacelike Killing field K first, reducing the equations,
and then assuming the existence of a second, timelike Killing field T for the spacetime metric. In
that case we have that E = X + iY (where Y is now the twist potential of the spacelike Killing
field K) is a harmonic map into the real hyperbolic plane HR, satisfying the following system

∆X =
1

X
(|dX|2 − |dY |2), ∆Y =

2

X
dX · dY. (1.10)

This system is derivable from a variational principal, i.e. it is the Euler-Lagrange system of
equations for the stationary points of the functional

F =

∫
1

4X2

(
|dX|2 + |dY |2

)
ρdρdz.

It can be shown ([84]) that in this case the other unknowns in the metric can be found by quadrature
once X and Y are known:

dΩ = − ρ

X2
?2 b,

{
uρ = ρ

4X2 (|Eρ|2 − |Ez|2)
uz = ρ

2X2<(ĒρEz)
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The above observation allows us to give a simple derivation of some of the well-known solution of
EVE:

The static case

Suppose that the Killing field K is hypersurface orthogonal, meaning b = 0, or Y =const. It
follows that Ω = 0, so this solution is non-rotating. Moreover, if we define ξ by X = e2ξ then the
functional F turns into the Dirichlet integral

F =

∫
|dξ|2ρdρdz

Thus any axially symmetric harmonic function of R3 provides a solution of the vacuum Ernst
equations, and therefore a static axially symmetric solution of EVE. These are known as Weyl
Solutions [88].

The simplest Weyl solution is the Minkowski space, whose metric in cylindrical coordinates is

ds2 = −dt2 + ρ2dϕ2 + dρ2 + dz2,

so that X = ρ2 and V = 1, W = 0, u = ln ρ. Hence ξ = ln ρ, which is indeed a harmonic function
on R2 and thus an axially symmetric harmonic function on R3. Note however that the Dirichlet
integral diverges for this solution ∫

|dξ|2ρdρdz =

∫
dρ

ρ
dz =∞.

In other words the harmonic function that gives rise to the Minkowski metric has infinite energy.
Since we are primarily interested in asymptotically flat spacetimes, i.e. those where the metric near
infinity has the same behavior as the Minkowski metric, we should expect the same divergence phe-
nomenon for all asymptotically flat spacetimes. This difficulty can be overcome by the subtraction
method, i.e. by defining a new unknown h such that

X = ρ2eh.

Thus ξ = ln ρ + 1
2h and we now have ∆h = 0 and h → 0 at infinity. h is also harmonic therefore,

and by Liouville h must blowup somewhere. Let us now look at a few other well-known Weyl
solutions:

Curzon Solution

The simplest such harmonic function on R3 is of course the fundamental solution of Laplace’s
equation

h =
c

r
=

c√
ρ2 + z2

corresponding to the gravitational potential of a point mass (or the electrostatic potential of a

point charge). For this solution X = ρ2ec/
√
ρ2+z2

, and since W = 0 we have

V =
ρ2

X
= e−c/r = 1− c

r
+ . . . as r →∞.

It follows (we will see later) that the ADM mass of this spacetime is c
2 . Thus c needs to be positive,

hence h > 0, and as a result metric coefficients X → ∞ and V → 0 as r → 0. This spacetime is
therefore singular at r = 0.
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Bach-Weyl Solution

By analogy with the above, consider now the potential corresponding to a uniform ring of charge

h =
m

2π

∫ π

−π

dφ√
ρ2 + z2 + a2 − 2aρ cosφ

The corresponding two-parameter family of spacetimes will be static axisymmetric asymptotically
flat, with ADM mass equal to m. Its metric is singular on the ring ρ = a, z = 0. It was found by
Bach and Weyl in 1922 [5].

Schwarzschild Solution

Similarly, one can take the potential of a uniformly charged rod. Let the rod lie on the z-axis, from
z = −m to z = m. Let

h = − ln(1− 2m

r
)

which is valid for r > 2m. Here r despite appearances, is not the spherical radius! It is a prolate
spheroidal coordinate: (r, θ, ϕ) are defined in terms of standard cylindrical coordinates (ρ, z, ϕ) as
follows:

ρ =
√
r2 − 2mr sin θ, z = (r −m) cos θ, ϕ = ϕ.

(Note that θ is not the polar angle either. This unfortunate piece of notational confusion is standard
in GR!) The level curves of r are ellipses, which degenerate to the line segment [−m,m] on the z-axis
for r = 2m. For this harmonic function we can compute the corresponding metric coefficients:

X = r2 sin2 θ, V = 1− 2m

r
.

Thus this one-parameter family of metrics is asymptotically flat, with ADM mass equal to m, and
its line element is

ds2 = −(1− 2m

r
)dt2 + (1− 2m

r
)−1dr2 + r2(dθ2 + sin2 θdϕ2).

This metric is in fact more than just axisymmetric, it is spherically symmetric, i.e. invariant under
the action of the rotation group SO(3). This is in fact the first nontrivial solution of EVE, found
by Schwarzschild in 1916, shortly after Einstein’s 1915 paper! Being a Weyl solution, this metric
is also static. It was proved by Birkhoff in 1923 that (more-or-less) any spherically symmetric
solution of EVE would have to be static as well, and therefore must coincide with a member of the
Schwarzschild family!

For m > 0 there appears to be a singularity in the metric at r = 2m. This however turns out
to be a coordinate singularity, meaning another set of coordinates can be found that extend the
manifold in a smooth way beyond r = 2m. Eventually, the largest possible extension was found by
Kruskal in 1960, using what is now known as Kruskal coordinates (X , T ) defined in terms of the
Schwarzschild coordinates (t, r) by

X 2 − T 2 = (
r

2m
− 1)er/2m, 2 tanh−1 T

X
=

t

2m

and allowing r to range from zero to infinity, and −∞ < t < ∞. The line element can be written
as

ds2 =
32m3e−r/2m

r
(−dT 2 + dX 2) + r2(dθ2 + sin2 θdϕ2).
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showing that the only true singularity is at r = 0.
Since Schwarzschild metric is spherically symmetric, the orbit of a point under the action of the

rotation group is either a sphere or a point. From the form of the line element one can compute
the (intrinsic) area of the orbit through the point (t, r, θ, ϕ) and it comes out to be 4πr2. Thus the
coordinate r has a geometric meaning: it is the radius of a sphere with Euclidean area equal to
the area of the orbit. For fixed t, The level surfaces of r are indeed two-dimensional spheres, and
(θ, ϕ) are standard spherical coordinates on that sphere.

The sphere at r = 2m is called the event horizon. It has the property that it is the boundary
of the past of future null-infinity, meaning future-directed null geodesics emanating from any point
with r < 2m cannot reach null infinity, i.e. signals from that region cannot reach a distant
observer. This region is therefore called the black hole. The region with r > 2m is called the
exterior Schwarzschild. It is thought to represent the vacuum outside a static spherical star.

The zero level set of r needs to be handled with extra care: The metric has a curvature
singularity there. In fact, the Kretschmann scalar K, which is a curvature invariant equal to the
pointwise norm of the Riemann curvature tensor, undergoes a sever blow-up at r = 0:

K2 = RabcdR
abcd =

48m2

r6
.

For the spacetime to be a Lorentzian manifold, r has to stay away from zero. The singularity
therefore, is not a “place”. It is not part of the manifold itself, but at its boundary. It can be
shown that r = 0 is not a point, but in fact a line. Any object falling into the black hole will crash
into this singularity in finite proper time, with the gravitational tidal forces being such that any
non-pointlike object will get infinitely stretched in one direction and infinitely squeezed in all the
orthogonal directions to that. Since no signal can come out of the black hole region, however, distant
observers are shielded from viewing such horrors, so the singularity of Schwarzschild spacetime is
clothed, i.e. hidden behind the event horizon at r = 2m.

Finally, the Schwarzschild metric is still a solution of EVE if we take m to be negative! In
that case there is no singularity, coordinate or otherwise, at any positive value of r. There is still
a crushing singularity at r = 0, and this time it is not shielded from distant observers, hence the
singularity of the negative-mass Schwarzschild is naked, i.e. visible to all.

1.4.7 The Kerr Metric

Without the assumption of staticity b = 0, the vacuum Ernst equations (1.10) are not so easy
to solve. One needs to find an axisymmetric harmonic map on R3, such that X ∼ ρ2 at infinity,
to ensure asymptotic flatness, and X = 0 at ρ = 0 (the “axis”) since X = g(K,K) and the
Killing field K has to vanish on the axis since it is a generator of rotations about that axis. Recall
that (X,Y ) are coordinates on the hyperbolic plane (right-half-plane model). One therefore has
a nonlinear elliptic boundary value problem with infinite energy and singular data. The solution
to this problem was not found in this analytic way but through an algebraic approach, by Kerr in
1963. A posteriori, it turns out to have a rather simple form, expressible again through spheroidal
coordinates: Given m and a, let (r, θ) this time be defined by

ρ =
√

(r −m)2 + a2 −m2 sin θ, z = (r −m) cos θ.

This given a system of prolate spheroidal coordinates when a2 < m2 and an oblate one when
a2 > m2. Define the auxiliary quantities

Σ = r2 + a2 cos2 θ, ∆ = r2 − 2mr + a2.



22 CHAPTER 1. GENERAL RELATIVITY AND GRAVITATION

Then the Lewis-Papapetrou form of the line element of the Kerr metric is given by

X =
(r2 + a2)2 − a2∆ sin2 θ

Σ
sin2 θ, V =

∆− a2 sin2 θ

Σ
, W =

2ar sin2 θ

Σ
.

Note that the coordinate r no longer has the geometric interpretation that it had before, since this
spacetime is not spherically symmetric. In particular there is no apriori reason why r cannot be
negative!

For |a| < |m| however, there are now two coordinate singularities, at r = r± = m±
√
m2 − a2.

The larger value r = r+ is an event horizon, while the smaller r = r− is a Cauchy horizon meaning
the region beyond it is not accessible through an initial value (Cauchy) problem.

The parameter a turns out to the ADM angular momentum per unit mass of this asymptotically
flat spacetime. The region r > r+ is thought to represent the vacuum outside a rotating star.

It is possible to find the maximal analytical extension of Kerr in the same manner that it was
found by Kruskal for Schwarzschild. This spacetime is singular on a timelike cylinder, whose cross-
section at each t is a singular ring. Once again this singularity is shielded by the event horizon at
r = r+, so long as |a| < |m| (called the subextremal regime).

In the hyperextremal regime |a| > |m|, there are no horizons, and the ring singularity is naked.



Chapter 2

General-Relativistic Electromagnetics

2.1 The KN family of electromagnetic spacetimes

2.1.1 Einstein-Maxwell equations

We recall that an electromagnetic spacetime (M,g, F ) is a solution to the Einstein-Maxwell system
of equations:

Rµν − 1
2Rgµν = κTµν , (2.1)

dF = 0, (2.2)

dM = 0. (2.3)

It describes the geometry of a spacetime (M,g) endowed with an electromagnetic field. Here R
is the Ricci curvature tensor and R the scalar curvature of the metric g of a four-dimensional
Lorentzian manifold M. Moreover, F is the Faraday tensor of the electromagnetic field and M
is the Maxwell tensor corresponding to F(for which we will consider a whole family of choices),
while T is the electromagnetic energy(density)-momentum (density)-stress tensor associated to F.
Finally, κ = 8πG/c4, with G being Newton’s constant of universal gravitation and c the “speed of
light in vacuum”. (In the following we will work with units in which κ = 1.)

Before we discuss the options of choosing the relationship between M and F, we should recall
that an open domainM′ in a Lorentzian manifoldM is (somewhat inappropriately) called static if
it has a hypersurface-orthogonal Killing field K whose orbits are complete and everywhere timelike
in M′. Such a domain possesses a time-function t, i.e. a function defined on it whose gradient is
timelike, and the vectorfield dual to its gradient is future-directed everywhere. It can always be
chosen such that Kt = 1. One can use t as a coordinate function on M′, and the level sets of t
provide a foliation ofM′ into space-like leaves Σt. It follows that the induced metric on the leaves is
independent of t, i.e. the space Σt is static. Furthermore, for a “static spacetime” to be spherically
symmetric means that the rotation group SO(3) acts as a continuous group of isometries on the
manifold, with orbits that are spacelike 2-spheres, and its action commutes with that of the group
generated by the timelike Killing field K. For p ∈ M′, let A(p) be the area of the spherical orbit
that goes through p, and let r(p) =

√
A(p)/4π be the radius of a Euclidean sphere with area A(p).

As long as g(∇r,∇r) > 0 one can use r as a spacelike coordinate function on the manifold, and in
that case the metric of the spacetime can be put in the form

gµνdx
µdxν = −eξdt2 + e−ξdr2 + r2(dϑ2 + sin2 ϑdϕ2), (2.4)

23
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where (ϑ, ϕ) are spherical coordinates on the orbit spheres, and ξ = ξ(r) is a smooth function
which depends on the choice of relationship between F and M, here called an “aether law” (for
short, and for historical reasons.)

The simplest choice of the aether law is Maxwell’s M = − ∗ F, in which case the Einstein-
Maxwell system will be called the Einstein-Maxwell-Maxwell system (EMM). It is well-known that
the Reissner-Weyl-Nordström spacetime1 (RWN for short) is the unique2 spherically symmetric,
asymptotically flat solution of the EMM system. For the RWN solution, one has

eξ = 1− 2m0

r
+
q2

0

r2
,

where q0 and m0 are two real parameters. They are in fact integration constants that come from
solving the radial Liouville-type equation that arises as the reduction of the EMM system under
the stated symmetry assumptions. Since the spacetime is asymptotically flat, its ADM mass [3]
is well defined, and it is seen to be equal to the parameter m0. Also, one has a formula for the
Faraday tensor in the case of RWN:

F = dA, A = φ(r)dt, φ =
q0

r
,

which suggests, via the divergence theorem, that q0 is the total charge of the spacetime.

As discussed in detail in [42], the causal structure of the RWN spacetime depends in a crucial
way on the ratio |q0|/m0: When this is less than one, which is referred to as the subextremal
case, the metric coefficient eξ, in addition to being singular at r = 0, has two zeros, namely at
r± = m0±

√
m2

0 − q2
0. It can be shown that r = r+ is the event horizon, the boundary of the past of

the spacetime’s future null infinity, and therefore the spacetime has a nonempty black hole region.
It is worth noting that the causal structure of the maximal analytic extension of the subextremal
RWN spacetime is quite rich and complicated, comprising an infinitude of regions, and is plagued
by the breakdown of determinism due to the presence of Cauchy horizons (cf. [42].) By contrast,
the RWN metric in the superextremal regime, corresponding to |q0| > m0 has a very simple causal
structure. The metric coefficient eξ is always positive, (t, r, θ, φ) is a global coordinate system for
the manifold, and the only singularity present is the naked one, on the timelike axis r = 0. The
topology of the manifold is that of R4 minus a line.

In view of the fact that the empirical charge-to-mass ratio of charged particles such as the
electron and the proton are huge (1018 and 1022 resp.) many researchers have been tempted by the
prospect that the superextremal RWN solution is but the simplest example of spacetimes featuring
one or more point charges3. Such a spacetime we shall refer to as a “charged-particle spacetime.”

One of the key questions that needs to be addressed in this regard is the following: According
to relativity theory’s E = mc2, the proper mass of a charged-particle spacetime should equal its
energy, which for a static spacetime is expressed as the integral of the time-time component of T
over a static space-like hypersurface. Is it then possible to attribute some, or all, of the mass of a
charged-particle spacetime to the energy of the electromagnetic field that permeates it4?

1Generally known as having been discovered independently by Reissner [67] and Nordström [61], this spacetime
is also a member of a whole class of electrovacuum solutions found by Weyl [88].

2See Section 6 for a precise statement and proof of uniqueness.
3See [73], §21.1 for references, and for a catalog of such solutions.
4Questions about the origin of the mass of charged particles are as old as the theory of electromagnetism itself,

beginning with O. Heaviside, and continuing with Abraham, Lorentz, Poincaré, Mie, Einstein, Fermi, Born, Dirac,
Wheeler, Feynman, Schwinger, Rohrlich and many others.
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One difficulty with such an attribution is that in classical Maxwell-Lorentz electrodynamics5

the self-energy of a point charge is infinite, and that remains to be the case even when the elec-
tromagnetic Maxwell-Lorentz field is coupled to gravity via the Einstein equations. This can be
clearly seen in the case of RWN because the total electrostatic energy carried by a time-slice would
be ∫ ∞

0
|dφ|2r2dr =

∫ ∞
0

q2
0

r2
dr,

which is infinite6 unless q0 = 0. In general relativity, the principle of equivalence states that it is
the total energy of a system that interacts gravitationally, i.e. unlike the Newtonian theory, there
is no distinction between active and passive “gravitational” masses. Thus, the total electrostatic
energy will always make a contribution to the ADM mass of the spacetime, which in the case of
the superextremal Reissner-Nordström is clearly an infinite contribution.

On the other hand, the ADM mass is usually interpreted as representing the total energy
content of the spacetime (recall that in relativity there is no distinction between mass and energy
(with c = 1)). Ingenious proposals have been made to explain the finiteness of the ADM mass, in
particular to assume that the point charge possesses a “bare mass” equal to −∞. Such ideas have
been pursued using renormalization techniques [2], but these techniques are usually very difficult
or even impossible to justify rigorously7.

Another difficulty with taking the superextremal RWN too seriously is the presence of a strong
naked singularity on the time axis. Such singularities are expected to be “subject to cosmic
censorship”, in the sense that they are believed to be non-generic, and therefore unstable under
small perturbations. Furthermore, the presence of a strong “eternal” singularity means that such
a spacetime cannot arise as a solution of a classically-posed initial value problem. For the RWN
metric the worst part of the singular behavior at r = 0 stems from the contribution of the charge
q0 to the metric coefficient, as can be seen for example from the Kretschmann scalar, which is a
curvature invariant equal to the norm of the Riemann tensor:

K2 = RabcdR
abcd =

48

r6

(
m2

0 −
2m0q

2
0

r
+

7q4
0

6r2

)
.

Clearly, K ∼ r−4 ↗∞ as r ↘ 0.
To overcome the first of these two divergence problems while retaining the concept of a point

charge, Max Born [?] proposed to make the Maxwell equations nonlinear8. This is done by choosing
a Lagrangian density L for the electromagnetic action S[A] =

∫
M L(dA) in such a way that, in

addition to fulfilling the basic requirement of generating a Lorentz- and Weyl- (gauge) invariant
theory, it coincides in the weak field limit with the Lagrangian of the Maxwell-Maxwell system9,

L0 = − 1

8π
F ∧ ∗F,

5That is to say, Maxwell’s equations with “point-particle-like” sources whose formal law of motion is that of
Newton’s, with the formal force being the Lorentz force. The model is ill-defined unless regularized.

6Indeed, this is the same infinity that turns up in the absence of gravity, in flat spacetime, for the self-energy
of a point charge, and which led Abraham & Lorentz, and later Mie, to look for alternatives to the point-charge
description. We also note that in the current approach to quantum electrodynamics, the corresponding energy
integral to the above is still divergent, although less violently [87], thus even in the absence of gravity, the problem
of infinite self-energy of point charges is not solved by going over to the quantum description [35],[85].

7For example, it is known that a rigorous removal of the regularization using mass renormalization mbare → −∞
is impossible in the case of Lorentz electrodynamics, since the renormalization flow terminates at mbare = 0 with
regularization still in place [1]. Similar difficulties exist for the renormalization of RWN [?].

8Born picked up on the program initiated by Mie [58], who however did not want point charges. See [51, ?] for
an excellent account of the development of these ideas, and for their author’s key contribution to this program.

9which seems to have been discovered by Schwarzschild [69].
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while its behavior in the strong field limit is such that it leads to finite total energies. One example
of such a Lagrangian density is the well-known one-parameter family proposed by Born and Infeld
[12]:

Lβ = ∗ 1

4πβ4
[1−

√
1− β4 ∗ (F ∧ ∗F)− β8(∗(F ∧ F))2],

for β > 0 (in the notation of [51]), which even leads to finite limits of the field strengths at the
location of the charge.

What is perhaps less common knowledge –though it should be equally well-known– is that a
nonlinear aether law also has the power to reduce the strength of the spacetime singularity that is
present when the electromagnetic field is coupled to gravity10. This phenomenon was first noticed
by Hoffmann [44], who initially claimed that a solution of the Einstein-Maxwell-Born-Infeld system
that he had found, was free of all singularities11. In the years since the publication of Hoffmann’s
paper there have been several attempts at finding static electrovacuum spacetimes which are free of
all singularities [46, 55, 64, 30, 4, 16, 31, 27], either in the fields or in the metric, while at the same
time various “no-go” results have been announced [17, 15], that seem to show that such solutions
cannot exist. One of the goals of this paper is to take steps towards dispelling the confusion that
seems to persist about this subject.

Our approach here is to characterize aether laws that not only feature finite self-energies for
point charges, but also lead to electrostatic12 spacetimes with the mildest form of singularity pos-
sible13. Thus we will initially allow the aether law to have the most general form possible, and let
the above requirements, of finiteness of the self-energy and mildness of the singularity, as well as
other criteria which may arise during the course of analyzing the corresponding solutions, dictate
the final form that it should have. In particular we will prove the following:

THEOREM. (Informal version) For any aether law which (a) agrees with that of Maxwell in
the weak field limit, (b) is derivable from a Lagrangian, with an energy tensor that satisfies the
Dominant Energy Condition, and for which (c) the corresponding Hamiltonian satisfies certain
growth conditions (to be made precise below), the following hold:

• There exists a unique electrostatic, spherically symmetric, asymptotically flat solution of the
Einstein-Maxwell system (2.1)-(2.3) with that aether law, the maximal analytical extension
of which is homeomorphic to R4 minus a line. It has a conical singularity on the time axis14,
which is the mildest possible singularity for any spherically symmetric electrostatic spacetime
whose aether law satisfies (a) and (b). No other singularities are present in the spacetime.

• A generalization of Birkhoff’s Theorem shows that this solution is unique in the spherically
symmetric class.

• The electrostatic potential is finite on the axis of symmetry, which can be identified with
the world line of a point charge. The electric field has a point defect at the location of the
charge. The field has finite total electrostatic energy, which is equal to the ADM mass of the

10Even though, as we will prove in this paper, it cannot quite eliminate the singularity.
11Hoffmann’s enthusiasm for nonlinear electrodynamics was not dampened even after it was pointed out to him

by Einstein and Rosen (See [46], fn. 15), that a mild singularity remains at the center of his spacetime.
12See Section 3 for a precise definition.
13In fact, we will see that the remaining mild singularity in the field and the metric is of the point-defect type.

There are indications that this kind of singularity may be “just right” for the Hamilton-Jacobi equations to provide
a law of motion for those defects [51, ?]. In this way it may turn out then that the “underwater stone” of nonlinear
electrodynamics (in the words of [15]) is a gem after all!

14That is to say, the limit as the radius goes to zero of the ratio of the circumference to the radius of a small
spacelike circle going around the axis, exists but is not equal to 2π.
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spacetime. The mass of the point charge is thus entirely of electromagnetic origin, i.e. it has
no bare mass.

• By scaling the Hamiltonian appropriately, one can arrange the total mass and the total charge
of this solution to have any chosen values. The mass-to-charge ratio of the spacetime enters
as a natural small parameter, measuring the departure from the Minkowski spacetime.

• For small enough mass-to-charge ratio, there are no horizons of any kind and no trapped null
geodesics in this spacetime.

• The analysis of geodesics and test-charge trajectories shows that the naked singularity at the
center of this spacetime is gravitationally attractive (unlike the case of superextremal RWN).

The rest of this paper is organized as follows: In section 2 we introduce the Lagrangian for-
mulation of electromagnetics. Section 3 gives the equations satisfied by an electrostatic solution of
(2.1)-(2.3), with an arbitrary aether law. In Section 4 we assume spherical symmetry as well, and
obtain the general solution to the equations. Section 5 is devoted to the study of the singularities
of this solution. In Section 6 we state and prove a Birkhoff-type uniqueness result for these space-
times. In Section 7 we give the precise version of our main result, and in Section 8 we carry out
the qualitative analysis of geodesics and test-charge orbits.

2.2 Nonlinear Electrodynamics

Let (M,g) be a 4-dimensional Lorentzian manifold. Let
∧p(M) denote the bundle of p-forms on

M. By an electromagnetic Lagrangian (density) we mean a mapping Lem defined on sections of
the vector bundle

∧1(M)×M
∧2(M) which takes its values in

∧4(M) (see [24] for details.) Thus
if a is a 1-form onM and f a 2-form, then Lem(a, f) is a 4-form onM. The electromagnetic action
is by definition

S[a;D] :=

∫
D

Lem(a, da),

where D is a domain inM. A critical point of S with respect to variations of a that are compactly
supported in D is called an electromagnetic potential A in D,

δS
δa

∣∣∣∣
a=A

= 0,

and the exterior derivative of it is the electromagnetic Faraday tensor F = dA. The Maxwell tensor
M is by definition

M =
∂Lem
∂f

∣∣∣∣
a=A,f=F

(2.5)

in the sense of evaluation, i.e. the object on the right, when evaluated on a variation ḟ ∈
Tp(
∧2(M)) =

∧2(TpM) as a four-form is equal to M ∧ ḟ . The source-free Maxwell equations
are the Euler-Lagrange equations for stationary points of the electromagnetic action S, and are
equivalent to the system

dF = 0, dM = 0.

It can be shown [24] that the only Lorentz-invariant gauge-invariant source-free electromagnetic
Lagrangians possible are those of the form

Lem(a, f) = −`(x(f), y(f))ε[g], (2.6)
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where ε[g] is the volume form on M induced by the metric g, ` is a real-valued function of two
variables, and x and y are the electromagnetic invariants

x(f) := −1

2
∗ (f ∧ ∗f) =

1

4
fµνf

µν , y(f) :=
1

2
∗ (f ∧ f) =

1

4
fµν ∗ fµν .

Here ∗ is the Hodge star operator ∗ :
∧k(M)→

∧4−k(M) with respect to the g metric, defined by

∗σµ1...µ4−k =
1

k!
σν1...νkε[g]ν1...νkµ1...µ4−k .

Note that for k-forms on a Lorentzian 4-manifold, ∗∗ = (−1)k+1.
Furthermore, conservation of parity implies that `(x, y) = `(x,−y), so that if we assume that `

is a C1 function of its variables, then
`y(x, 0) = 0.

By an aether law we simply mean a particular function `(x, y) as the Lagrangian density func-
tion, which determines the way the electromagnetic vacuum interacts with the spacetime geome-
try15. For example, conventional (linear) electromagnetics corresponds to the choice ` = x made
first by Maxwell.

Using * one defines a dot product on k-forms, by

σ · τ = − ∗ (σ ∧ ∗τ) =
1

k!
σµ1...µkτµ1...µk .

We also set |σ|2 := σ · σ even though this is not necessarily positive. It follows from (2.6) that
∗Lem = ` and

∗M =
∂`

∂F
= `xF + `y ∗ F.

The energy tensor T corresponding to the Lagrangian density function ` is a symmetric 2-
covariant tensor field on M defined by

Tµν = 2
∂`

∂gµν
− gµν`,

which in the case of an electromagnetic Lagrangian yields

Tµν = 2

(
`x

1

2
FµλF

λ
ν + `y

1

2
Fµλ ∗ F λ

ν

)
− gµν` = Fµλ ∗M λ

ν − gµν`. (2.7)

Recall that if both of the following hold, the energy tensor T is said to satisfy the Dominant
Energy Condition:

• TµνY
µYν ≥ 0 for every future-directed timelike vector Y,

• The vector −Tµ
νYν is future directed causal when Y is a future-directed causal vector.

The first of these two is called the Weak Energy Condition. There is also a Strong
Energy Condition: (

Tµν −
1

2
gµνtr T

)
YµYν ≥ 0,

15Traditionally, aether law referred to the relationship between tensors M and F, similar to the constitutive
relations of elastodynamics relating stresses to strains for the medium. In case of a Lagrangian theory, this is given
by (2.5), and thus the choice is that of a particular Lagrangian.
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for all future-directed timelike Y. One can prove [65] that the Dominant Energy Condition is
satisfied for this field theory if and only if

`x > 0, `− x`x − y`y ≥ 0.

Note that under the above assumption, tr T = −4(`−x`x−y`y) ≤ 0. We also note that it is possible
for the Strong Energy Condition to be violated in nonlinear electrodynamics (even though, as we
shall see, it can hold for nonlinear electrostatics.)

Next we define the following one-forms, which provide a useful decomposition of the Faraday
and Maxwell tensors. Let K be an arbitrary16 non-null vectorfield on M, and let17

E := iKF (2.8)

B := iK ∗ F (2.9)

D := iK ∗M = `xE + `yB (2.10)

H := iK ∗ ∗M = −iKM = −`yE + `xB, (2.11)

where iK denotes the interior product with the vectorfield K, e.g. (iKF)ν = KµFµν .
For the Maxwell Lagrangian ` = x one has D = E and B = H. A general aether law will specify

D and B as functions of E and H, or the other way around.
Let

X := g(K,K).

Thus X > 0 wherever K is spacelike, X = 0 where K is null, and X < 0 where K is timelike.
From the decomposition of F in terms of E and B it follows that

x =
|E|2 − |B|2

2X
y =

E ·B
X

. (2.12)

We also obtain that, by (2.7)
T(K,K) = E ·D−X`, (2.13)

while from (2.1) it follows that

R(K,K) =
(
T(K,K)− X

2 trT
)

= (B · H +X`). (2.14)

For K a timelike vectorfield, we can define two electromagnetic Hamiltonians (partial Legendre
transforms of the Lagrangian with respect to either E or B)18:

H(E,H) := |X|−1B · ∂`
∂B
− ` = |X|−1B · H− `,

H̃(D,B) := −|X|−1E · ∂`
∂E

+ ` = |X|−1E ·D + `.

In the definition of H (resp. H̃) we need to think of B (resp. E) as given by the aether law. Also,
the factors of X in these will disappear in the next Section, once the inner products are re-expressed
in terms of a different metric on space-like slices which is conformal to the one induced by g.

16In the next section we will assume that K is a timelike Killing field for (M,g), but the definitions in this section
are independent of that.

17Note that strictly speaking, only if K were the unit tangent vectorfield to a timelike curve in M (the world-
line of an observer) would we be justified in calling these the (flattened) electric field, magnetic induction, electric
displacement, and magnetic field, respectively.

18These can also be defined for a spacelike vectorfield, but there will be some sign changes.
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We then have
T(K,K) = |X|H̃(B,D), R(K,K) = |X|H(E,H).

The Weak, Dominant, and Strong Energy Conditions, respectively, take the following form [76] in
terms of the Hamiltonians

H̃ ≥ 0, H̃ ≥ |H|, H ≥ 0. (2.15)

It is easy to see [9] that H is actually only a function of the three scalar invariants that one
can form out of E and H using the metric. More precisely,

H(E,H) = h(ν, ω, τ),

where
ν := 1

2|X|(E · E + H · H), ω := 1
|X|E · H, τ := 1

2|X|(E · E− H · H),

and that h ∈ C1(R3) is such that its gradient lies on the future unit hyperboloid in R3, i.e.

h2
ν − h2

ω − h2
τ = 1, hν > 0.

Similar results hold for H̃, in terms of the invariants µ,$, σ defined analogously in terms of D,B:

H̃(B,D) = h̃(µ,$, σ),

where
µ := 1

2|X|(D ·D + B ·B), $ := 1
|X|D ·B, σ := 1

2|X|(D ·D−B ·B),

and likewise h̃ ∈ C1(R3) with gradient lying on the future unit hyperboloid.

2.3 Electrostatic Spacetimes

Let K be a timelike hypersurface-orthogonal Killing field for the spacetime (M,g). Let X =
g(K,K) < 0 and define

e = dX.

Let
hµν = gµν − 1

XKµKν

denote the metric induced on the quotient Q of M under the symmetry generated by K, and let

γ = |X|h,

so that γ is also a Riemannian metric on Q, conformal to h. Since K is assumed to be twist-free,
the quotient Q can be identified with a spacelike hypersurface in M. Let (xi), i = 1, 2, 3 be an
arbitrary coordinate system on Q. Then the line element of g is given by

ds2 = Xdt2 + |X|−1γijdx
idxj .

It follows in particular that
g

∇ ·V = X
γ

∇ · 1
XV for any vectorfield V such that LKV = 0. The

Einstein-Maxwell system in the static case reduces [76] to the following set of equations:

γ

∇ ·( 1
X e) = −2

X H(E,H) (2.16)
γ

∇ ·( 1
XD) = 0 (2.17)

γ

∇ ·( 1
XB) = 0 (2.18)

Ric[γ]ij − 1
2γijR[γ] = 1

2X2 eiej + 1
X (EiDj + BiHj)− γij

(
1

4X2 |e|2γ + 1
XH(E,H)

)
, (2.19)



2.3. ELECTROSTATIC SPACETIMES 31

where to close the system one has to remember that

D =

(
∂H

∂E

)[
, B =

(
∂H

∂H

)[
, (2.20)

with [ being the operation of lowering indices with respect to the γ metric.
The equation (2.19) confirms that we can interpret the above as a system of Einstein equations

for the manifold Q coupled to the fields (e,E,H). We further recall that Maxwell’s equations for
F and M also imply that E and H are exact 1-forms

E = dφ, H = dψ.

Thus the above is a system of equations for the three potentials X,φ, ψ, and the metric γ of the
quotient manifold.

We also observe that the parity conservation assumption about the Lagrangian `y(x, 0) = 0
implies that, away from singularities, D = 0 whenever E = 0, and likewise H = 0 whenever B = 0.
This fact, together with the invariance of the equations under interchanging D with B and E with
H, implies that the system of equations in the magnetostatic case E ≡ 0 is formally the same as
that in the electrostatic case H ≡ 0, even though (it turns out) the restrictions on the Hamiltonian
under which meaningful solutions can be obtained are different19.

In this paper we are confining ourselves to the electrostatic case, where ω = $ = 0, τ = ν and
σ = µ. If we define

η(ν) = h(ν, 0, ν), ζ(µ) = h̃(µ, 0, µ),

then in the electrostatic case D = ∂H
∂E = η′(ν)E and E = ∂H̃

∂D = ζ ′(µ)D. We can moreover express
η in terms of ζ. This is because in the electrostatic case B = H = 0, and thus

H + H̃ = 〈D,E〉γ =
〈
D,

∂H̃

∂D

〉
γ

= 2µ
dζ

dµ
,

so that we have
η(ν) = 2µζ ′(µ)− ζ(µ). (2.21)

In terms of the reduced Hamiltonian ζ the Dominant Energy Condition (2.15) takes the following
simple form

ζ ′(µ) > 0, ζ − µζ ′(µ) ≥ 0, ∀µ ≥ 0, (2.22)

while the Strong Energy Condition reads

2µζ ′(µ)− ζ(µ) ≥ 0, ∀µ ≥ 0. (2.23)

We note that in the electrostatic case, ν = −x and y = 0, thus η(ν) = −`(x, 0) = −`(−ν, 0). On
the other hand the function ζ can be obtained from ` via a Legendre transform: Given ` = `(x, y)
let f(t) := −`(−1

2 t
2, 0) and let f∗(s) = supt[st − f(t)] be the Legendre transform of f . Then it

is easy to see that ζ(µ) = f∗(
√

2µ). As an example, here are the Lagrangian density function
originally proposed by Born [?], and its two reduced Hamiltonians:

`B(x) =
√

1 + 2x− 1, ηB(ν) = 1−
√

1− 2ν, ζB(µ) =
√

1 + 2µ− 1.

Let
ξ := log(−X).

19For examples of regular magnetostatic (magnetic monopole) solutions, see [16].
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With ν = 1
2 |dϕ|

2
γ and D = η′(ν)dϕ, the electrostatic Einstein-Maxwell system then becomes

γ

∇ ·dξ = 2e−ξη(ν) (2.24)
γ

∇ ·(e−ξD) = 0 (2.25)

R[γ]ij −
1

2
γijR[γ] =

1

2
∂iξ∂jξ − e−ξη′(ν)∂iϕ∂jϕ− γij

(
1

4
|dξ|2γ − e−ξη(ν)

)
(2.26)

2.4 Spherical Symmetry

If we assume that the spacetime (and the electromagnetic field) in addition to being static is
also spherically symmetric, there will be a further reduction in the Einstein-Maxwell system. In
particular, using the area-radius coordinate r we may rewrite the metric γ as follows

γijdx
idxj = dr2 + eξr2(dθ2 + sin2 θdφ2),

where now ξ = ξ(r), and also ϕ = ϕ(r), D = D(r)dr. From (2.25),

0 =
γ

∇ ·(e−ξD) =
1

eξr2
∂r(e

ξr2e−ξD) =
1

eξr2
∂r(r

2D),

and thus one obtains that
D =

c

r2
dr,

where c is an arbitrary constant. On the other hand, since |dr|2γ = 1,

µ =
1

2
|D|2γ =

c2

2r4
. (2.27)

From (2.24) we now obtain

1

r2eξ
d

dr

(
eξr2dξ

dr

)
= 2e−ξη(ν).

Change variable to u = 1
r to obtain

d2

du2
(eξ) = c2 η(ν)

µ
. (2.28)

We can now use (2.21), integrate (2.28) twice, change the order if integration and recompute
the kernel to obtain a formula for ξ as a function of r:

eξ(r) = c′′ +
c′

r
+
c2

r

∫ ∞
r

ζ(µ)

µ

dr′

r′2
, (2.29)

where c, c′, c′′ are arbitrary constants, and µ = c2

2r′4
. The requirement that the solution be asymp-

totically flat now forces c′′ = 1. On the other hand, setting ζ ≡ 0 should give the Schwarzschild
solution, hence c′ = −2m0 where m0 is the mass parameter in the Schwarzschild metric.

We can also find an expression for the electrostatic potential φ as a function of r. Recall that

φ′(r)dr = dφ = E = ζ ′(µ)D = cζ ′(µ)
dr

r2
,
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and thus

φ(r) = c

∫ ∞
r

ζ ′(µ)
dr′

r′2
.

Since in the Maxwell-Maxwell case ζ(µ) = µ, comparison with the RWN solution shows that c = q0,
the charge parameter in RWN. Finally, a direct computation shows [76] that (2.26) is identically
satisfied.

Thus we have the following generalization of RWN to nonlinear gravitoelectrostatics:

eξ(r) = 1− 2m0

r
+

2

r

∫ ∞
r

ζ(µ)r′2dr′, (2.30)

φ(r) = q0

∫ ∞
r

ζ ′(µ)
dr′

r′2
; µ =

q2
0

2r′4
. (2.31)

These simple and elegant formulae seem to have first appeared in [64], with a different deriva-
tion, although special cases of it were known long before (see below.) Note that only the reduced
Hamiltonian ζ makes an appearance in them. The prospect of generating exact solutions to the
Einstein-Maxwell system with interesting and desirable properties, just by inserting a judiciously
chosen ζ into these formulae has proven to be irresistible to many theoreticians. In particular we
should mention the solution found by Hoffmann [45] to the Einstein-Maxwell- Born-Infeld system,
which corresponds to the following Hamiltonian:

ζBI(µ) =
√

1 + 2µ− 1. (2.32)

Another early example is the solution found by Infeld and Hoffmann [46], where they made the
following choice

ζIH(µ) = log(1 + µ), (2.33)

and obtained a metric which was completely smooth and free of all singularities! Their work was
followed up by Rao [55], who attempted to find a large family of actions leading to such solutions.

Infeld and Hoffmann however may also be the first of many investigators who have made the
mistake of picking a Hamiltonian that is not admissible because it cannot arise from a Lagrangian:
One has to remember that ζ(µ) is the electrostatic reduction of the Hamiltonian H̃(B,D), which
in turn is subject to the following restrictions:

1. It must in the weak field limit agree with Maxwell’s choice for the aether law.

2. It must correspond to an energy tensor that satisfies the dominant energy condition.

3. It must be the Legendre-Fenchel transform in E of a Lagrangian density ` = `(E,B), i.e., it
must be convex in D.

It follows from the above that the function ζ is subject to the following requirements:

(R1) limµ→0
ζ(µ)
µ = 1.

(R2) ζ ′(µ) > 0 and ζ − µζ ′(µ) ≥ 0 for all µ > 0.

(R3) ζ ′(µ) + 2µζ ′′(µ) ≥ 0 for all µ > 0.

The Hamiltonian (2.33) proposed by Infeld and Hoffmann violates the third condition above. There-
fore it cannot arise from a single-valued Lagrangian.
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The condition (R3) is equivalent to insisting that for the above solution (2.31), ν = −1
2(φ′(r))2

be monotone decreasing in r (note that µ = q2
0/(2r

4) is always monotone, independent of the choice
of a Lagrangian.) It was shown by Bronnikov et al [17] that this monotonicity requirement of ν
rules out the possibility of having electrostatic solutions with a regular center (i.e. no curvature
blowup at r = 0) that are at the same time Maxwellian in the weak field limit. The same argument
applies to show that the three conditions above are incompatible with having a regular center20.
Therefore spacetimes corresponding to (2.30-2.31) must have some kind of a singularity at r = 0.
In view of this fact, fantastic claims about existence of singularity-free point-charge metrics in
nonlinear electrodynamics, which every now and then appear in the literature, should be viewed
with a healthy dose of skepticism, and the “Hamiltonian” involved should be examined carefully,
for it may violate one or more of the above conditions.

We note also that (R3) implies in particular that the Strong Energy Condition, which we men-
tioned before can be violated in nonlinear electrodynamics, nevertheless holds in the electrostatic
case, since 0 ≤ 2µζ ′′ + ζ ′ = (2µζ ′ − ζ)′, which upon integration on [0, µ] and using (R1) implies
that (2.23) holds. This will have important consequences, as we will see below.

Interestingly, a question that should have been addressed long ago, but wasn’t, is this: Since
the above requirements rule out solutions that are everywhere regular, what is then the mildest
singular behavior allowed by them? In the next section we characterize those static spherically
symmetric point-charge metrics that have the mildest form of singularity possible at their center.

2.5 Singularities

2.5.1 Singularities in the metric

We begin by calculating the curvature tensor of a static spherically symmetric metric of the form

ds2 = −f2dt2 + f−2dr2 + r2dΩ2,

with f = f(r). The nonzero components of the Riemann tensor are

R0101 = ff ′′ + f ′
2
, R0202 = R0303 = −R1212 = −R1313 = r−1ff ′, R2323 = r−2(1− f2).

The indices here refer to the rigid frame {ω(µ)} defined as follows:

ω(0) = fdt, ω(1) = f−1dr, ω(2) = rdθ, ω(3) = r sin θdφ.

Thus the Kretschman scalar is, with X = −f2,

K2 = X ′′
2

+ r−2X ′
2

+ r−4(1 +X)2. (2.34)

It is evident from (2.34) that for there to be no spacetime curvature singularity at r = 0 it is
necessary and sufficient that 1 +X(r) = O2(r2) as r → 0.21 More generally, the Kretschman scalar
K will blow up like r−α if and only if 1 +X(r) = O2(r2−α).

For spherically symmetric, electrostatic spacetimes,

X = −1 +
2

r
m(r),

20Another possibility is of course, not to have a center at all [16]. The topology of such a spacetime however, does
not seem to lend itself to the point-charge concept.

21For a continuous function f : R+ → R, integer k and α > 0 we say that f = Ok(rα) if limr→0 r
j−αdjf/drj exists

and is finite for j = 0, . . . , k.
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where

m(r) := m0 −
∫ ∞
r

ζ

(
q2

0

2r′4

)
r′2dr′

is the mass function.

Thus we see that K will blow up at least like r−3 if m(0) 6= 0, as it is for example in the case
of the “negative mass” Schwarzschild solution, where m0 < 0 and q0 = 0. For the superextremal
RWN solution, the situation is much worse since m(0) = −∞. Since our goal here is to characterize
solutions which are as mildly singular as possible at the location of the charge, we may start by
requiring m(0) = 0. Now, since

m(0) = m0 −
|q0|3/2

211/4

∫ ∞
0

y−7/4ζ(y)dy = m0 − |q0|3/2Iζ

and m0 is an integration constant, it is always possible to meet this requirement as long as

Iζ := 2−11/4

∫ ∞
0

y−7/4ζ(y)dy <∞. (2.35)

From now on we will add this to the list of requirements that the reduced Hamiltonian ζ must
satisfy:

(R4) ∫ ∞
0

µ−7/4ζ(µ)dµ <∞.

Note that this new restriction implies the following: If ζ(µ) is assumed to grow like a power µα,
then we must have α < 3/4, which of course rules out the Maxwellian case.

Having made such a choice of the integration constant m0, we now observe that

mADM = m(∞) = |q0|3/2Iζ .

This means that the mass of this spacetime is entirely of electrical nature. Moreover, by an ap-
propriate scaling of the aether law, namely `β(x, y) := β−4`(β4x, β4y), which for the reduced
Hamiltonian amounts to using

ζβ(µ) = β−4ζ(β4µ)

in place of ζ, it is possible to “fit” the ADM mass and total charge of this solution to the empirical
mass and charge of any particle. This is because Iζβ = β−1Iζ , so for a given pair of numbers (q,m)
setting q0 = q and

β :=
q3/2Iζ
m

(2.36)

will result in m(∞) = m, while at the same time the scaled version of an admissible Hamiltonian
function ζ will remain admissible. In this connection it is worth mentioning that if one carries out
this procedure for the Born-Infeld Lagrangian, with m0 and q0 set to the mass and charge of the
electron, the value for the scaling parameter β thus obtained coincides with the value originally
proposed by Born [51].

Once m0 is chosen as above, the mass function can be rewritten as follows:

m(r) =

∫ r

0
ζβ

(
q2

2r′4

)
r′2dr′ = m−

∫ ∞
r

ζβ

(
q

2r′4

)
r′

2
dr′. (2.37)
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We can now obtain some estimates for m(r). Recall the second part of (R2):

ζ(µ) ≥ µζ ′(µ).

Integrating this inequality on [0, µ] and using (R1) we easily obtain

ζ(µ) ≤ µ ∀µ > 0.

This gives the following lower bound for the mass function:

m(r) ≥ m− q2

2r
,

which in turn gives the following bound on the metric coefficient eξ:

eξ ≤ 1− 2m

r
+

q2

r2
.

These two estimates are clearly only useful for large r. In fact, assuming slightly more than (R1),
one can turn these into large-r asymptotics for m and eξ. Namely, let us assume that

(R1)’
ζ(µ) = µ+O(µ5/4), as µ→ 0.

Substituting into the second expression for the mass function in (2.37) we obtain

m(r) = m− q2

2r
+O

(
1

r2

)
, eξ = 1− 2m

r
+

q2

r2
+O

(
1

r3

)
.

As advertised, these asymptotics are identical to those of the RWN solution.
We now need to establish the small-r behavior of the mass function. Clearly, m(r) = O2(r3)

if and only if ζ goes to a constant as µ → ∞. On the other hand, we recall (R3) on ζ, i.e. the
convexity requirement. It is equivalent to

(µ1/2ζ ′(µ))′ > 0. (2.38)

Integrating this on an interval [µ0, µ] for a fixed µ0 > 0, we obtain

ζ(µ) ≥ C1 + C2
√
µ,

with C1, C2 6= 0 constants depending on µ0. Therefore the reduced Hamiltonian must grow at least
like µ1/2 in order to satisfy this requirement. In particular, it cannot go to a constant at infinity,
hence there will be curvature blowup at r = 0 no matter what aether law is chosen, as anticipated
in [17].

Assuming now that the reduced Hamiltonian grows at the slowest possible rate, namely like
µ1/2, we obtain that there must be a conical singularity at r = 0 where K blows up like r−2, and
that there are no horizons for this metric. In order to do this rigorously, we need to make the
growth condition more precise:

(R5) There exists positive constants Jζ ,Kζ , Lζ depending only on the profile ζ such that

Jζ
√
µ−Kζ ≤ ζ(µ) ≤ Jζ

√
µ,

Jζ

2µ1/2
−
Lζ
µ
≤ ζ ′(µ) ≤

Jζ

2µ1/2
.
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We should here pause to mention that an example of a reduced Hamiltonian satisfying all five re-
quirements (R1-5) is the one of Born-Infeld (2.32). Many other examples can easily be constructed
by considering smooth, monotone increasing, concave functions of µ that behave like µ for small µ
and like c

√
µ for large µ.

Assuming (R5), from (2.37) we have,

m(r) ≤ A

2
ε2r, A :=

√
2Jζ
I2
ζ

, ε :=
m

|q|
. (2.39)

This right away implies that there will be no horizons as long as ε is small enough, since

−X = 1− 2m(r)

r
≥ 1−Aε2 > 0.

Combining (R5) with our previously obtained bounds for the reduced Hamiltonian,

max{0, Jζ
√
µ−Kζ} ≤ ζ(µ) ≤ min{µ, Jζ

√
µ},

max{0, Jζ
2µ1/2 −

Lζ
µ } ≤ ζ ′(µ) ≤ min{1, Jζ

2µ1/2 }.
(2.40)

We can now use this to obtain a lower bound for the mass function that does not degenerate near
r = 0, namely

m(r) ≥ Aε2

2
r −

Kζ

3β4
r3, (2.41)

as well as the following small r asymptotics for m:

m(r) =
Aε2

2
r − B2ε6

2m2
r3 + o2(r3), B2 :=

2Kζ

3I4
ζ

.

Consequently,

−X = eξ = a2 + b2r2 + o2(r2)

with a =
√

1−Aε2 and b = B
m ε

3. This in turn implies that there is a conical singularity at r = 0,
because the line element of the spacetime metric is Xdt2 −X−1dr2 + r2(dθ2 + sin2 θdφ2), and the
coefficient of dr2 at r = 0 is 1

a , which is greater than one. In fact, introducing standard Cartesian

space coordinates (x1, x2, x3) near r = 0, with r = (
∑3

i=1(xi)2)1/2 we see that the line element in
these coordinates is

Xdt2 +
∑
i,j

[(
1

|X|
− 1

)
xixj

r2
+ δij

]
dxidxj ,

thus the metric has no continuous extension at r = 0 unless a = 1. We therefore need to take the
axis r = 0 out of the spacetime manifold M, which gives it the topology of R4 minus a line.

We also note that, given a profile ζ, the deficit angle of the conical singularity is proportional
to ε = m/|q|. This will be quite small precisely when the empirical charge-to-mass ratio of the
particle to which this solution is being fitted is large, which happens to be the case for the electron
and the proton, etc. This means that in the study of these metrics it is permissible to consider the
small ε regime.

The last observation we would like to make about the metric before moving on to discussing
the electric field, is that the metric coefficient eξ = −X is monotone increasing. The easiest way to
see this is from (2.28). Recall that the assumption (R3) implies that the Strong Energy Condition
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is satisfied, and thus η(ν) ≥ 0, so that eξ is convex as a function of u = 1
r . We have already

established that a2 ≤ eξ ≤ 1, eξ|u=0 = 1, limu→∞ e
ξ = a2 < 1. Thus eξ cannot have a local

maximum or a local minimum at a finite u, and must therefore be monotone decreasing in u, hence
monotone increasing in r. We will see that this fact, which is in great contrast to the behavior of
the same metric coefficient in the RWN spacetimes, has important consequences, in particular for
the trajectories of test particles.

2.5.2 Singularities in the electric field

In the spherically symmetric, electrostatic case, the only nonzero component of the Faraday tensor
is Frt = ϕ′(r) and the one-form E = iKF = dϕ. We have

ϕ(r) = q

∫ ∞
r

ζ ′
(
q2e4

2r′4

)
dr′

r′2
.

One easily computes that

sgn(q)ϕ(0) =
3

2
ε, sgn(q)ϕ′(0) = − A

2m
ε3.

Moreover, using (2.40), we have

max

{
0,

3ε

2
− Aε3

2m
r

}
≤ sgn(q)ϕ(r) ≤ min

{
|q|
r
,
3ε

2
− Aε3

2m
r +

Cε7

3m3
r3

}
,

max

{
−|q|
r2
,−Aε

3

2m

}
≤ sgn(q)ϕ′(r) ≤ min

{
0,−Aε

3

2m
+
Cε7

m3
r2

}
,

with C := 2Lζ/I
4
ζ . In particular, ϕ is monotone decreasing, and is asymptotic to the Coulomb

potential as r →∞. Moreover, ϕ′(0) 6= 0, and thus E becomes undefined at r = 0. More precisely,
since E = ϕ′(r)dr and dr is a unit covector whose direction is undefined at r = 0, it follows that
the covectorfield E is of finite magnitude and undefined direction, i.e. has a point defect at r = 0.
E is otherwise smooth.

We now check that the total electrostatic energy is finite, and in fact is equal to the ADM mass:
By virtue of (2.1), the energy tensor T is divergence free, i.e. ∇µTµν = 0. Let Pµ := −TµνK

ν

where K = ∂t is the timelike Killing field of (M,g). It follows that δP = ∗d ∗P = 0 and thus by
the divergence theorem ∗P is a conserved current, i.e.

∫
Σt
∗P is independent of t. With coordinates

(t, r, θ, φ) as before, K = (1, 0, 0, 0) and we calculate that the only nonzero component of ∗P is

(∗P)123 = −g00P0

√
−det g = −1

X T(K,K)
√
−det g = H̃(B,D)

√
−det g = ζ(µ)r2 sin θ.

Thus, defining the total electromagnetic energy carried by the slice Σt to be

E :=
1

4π

∫
Σt

∗P,

we see that for the particle-spacetimes under study

E =
1

4π

∫ 2π

0

∫ π

0

∫ ∞
0

(∗P)123 drdθdφ =

∫ ∞
0

ζ(µ)r2dr = m,

as promised.
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2.6 The KN metric

The KN family of spacetimes is a three-parameter family of stationary axially symmetric solutions
to (2.1-2.3). The 3 parameters are commonly called “charge” q, “mass” m and “angular momentum
per unit mass” a of the spacetime22. The causal structure of these spacetimes depends crucially
on whether the quantity

p2 := a2 + κq2 − κ2m2

is negative (called the subextremal case), zero (extremal), or positive (hyperextremal). Since our
goal is to study the limiting case κ→ 0, we are thus confined to the hyperextremal case, where p
is real, and without loss of generality positive.

Let Q be a half-plane, with Cartesian coordinates (ρ, z), ρ ≥ 0. Let (r, θ) be the following
system of implicitly defined elliptical coordinates on Q:

ρ =
√

(r − κm)2 + p2 sin θ, z = (r − κm) cos θ, (2.42)

Thus the level sets of r are confocal ellipses that shrink to the line segment [−p,p] on the ρ axis,
and the level sets of θ are the family of hyperbolas orthogonal to those ellipses. The coordinates
r and θ, together with the azimuthal angle ϕ (the Killing parameter for K) form a system of
oblate spheroidal coordinates23 for the manifold N . There is a coordinate singularity at r = κm
corresponding to the ellipsoids degenerating into a line segment. The axis of rotation is where
sin θ = 0. Let us define the auxiliary quantities

∆ := r2 − 2κmr + κq2 + a2 = (r − κm)2 + p2 > 0, Σ := r2 + a2 cos2 θ ≥ 0.

For the KN family, the metric of the quotient space is

ds2
m =

V Σ

∆
(dr2 + ∆dθ2),

and the coefficients of the metric of the group orbits are

X =
(r2 + a2)2 −∆a2 sin2 θ

Σ
sin2 θ, V =

∆− a2 sin2 θ

Σ
, W =

a sin2 θ(2κmr − κq2)

Σ
(2.43)

so that the area element of the group orbits comes out to be√
XV +W 2dϕ ∧ dt =

√
∆ sin θdϕ ∧ dt = ρdϕ ∧ dt

just as it should. The Ernst potentials for KN are

Φ =
q

r − ia cos θ
=

qr

Σ
+ i

qa cos θ

Σ
(2.44)

E = V − κ

2
|Φ|2 + iY = 1− 2κm

r − ia cos θ
= 1− 2κmr

Σ
− i2κma cos θ

Σ
. (2.45)

Note that the image of Q under the Ernst map (r, θ) 7→ (E ,Φ) is contained in a complex line in
the Siegel domain: E + 2κm

q Φ = 1. This is but one indication among many that the KN solution is
algebraically special.

All KN spacetimes have a discrete symmetry, namely the metric is invariant under reflection
with respect to the equatorial plane θ = π/2. In other words (t, r, θ, ϕ) 7→ (t, r, π − θ, ϕ) leaves
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Figure 2.1: Oblate Spheroidal Coordinates (reproduced from [91])

the metric unchanged. Note that the electric potential is symmetric while the magnetic stream
function is anti-symmetric with respect to this reflection.

The great advantage of using oblate spheroidal coordinates24, apart from the obvious simplicity
of the formulas for the metric coefficients and electromagnetic potentials, is that they lead to an
extension of the KN manifold, upon noticing that the coordinate r in the above is allowed to be
negative25. In fact (r, θ) 7→ (2κm − r, π − θ) leaves (ρ, z) unchanged26. Thus every point (ρ, z) in
the quotient Q, with the exception of (p, 0), corresponds to two points in an extended version of
the quotient, namely (r, θ) and (2κm−r, π−θ). In the following we will show that these spheroidal
coordinates are in fact coordinates on the maximal extension of the spacetime manifold.

2.6.1 The topology of KN spacetimes

As it’s clear from (2.43), in coordinates in which the metric is given, there is a singularity at Σ = 0,
i.e. at r = 0, θ = π/2, for all t and ϕ. Let

R := {(t, r, θ, ϕ) | Σ(r, θ) = 0}

and let Rt denote the t-slice of this surface. R is diffeomorphic to a cylinder, and Rt to a circle (a
ring.) It is not hard to check, for example by calculating curvature invariants of the metric, that the
surface R is a true singularity for the metric, not just a coordinate one. It was shown by Carter [19]
that all geodesics in this spacetime are complete, except for those that run into R. He also showed
that, in the hyperextremal case (which is the case under study in this paper,) the single coordinate
patch (t, r, θ, ϕ) ∈ R × R × [0, π) × [0, 2π) already covers the maximal analytical extension M̃ of
the spacetime manifold, which according to Carter is simply connected as a topological manifold.
The presence of the singular surface R however means that in order to consider the spacetime as
a Lorentzian manifold, this singularity needs to be excised, i.e. let M∗ := M̃ \ R. The resulting
manifold M∗ is then certainly non-simply connected: at any fixed t there are loops that are not
homotopic to zero since they “thread” the excised ring Rt.

22Even though these terms classically are associated with matter, and these spacetimes are vacuum, i.e devoid of
matter.

23A similar construction in the subextremal case gives rise to a system of prolate spheroidal coordinates covering
the exterior patch.

24In general relativity context often referred to as Boyer-Lindquist coordinates in recognition of the researchers
who used them to find the maximal analytical extension of the Kerr solution [13].

25This property of spheroidal coordinates seems to have first been observed and remarked on by Zipoy [91].
26For κm 6= 0, this is not a discrete symmetry of the spacetime, since there is a singularity at r = 0 but none at

r = 2κm.
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Figure 2.2: Zipoy’s illustration of double-sheetedness and duodromy (taken from [91])

Construction of a two-sheeted extension for M∗ is carried out in [42], but the main idea is
already present in [91]: Such a 2-sheeted extension is first constructed for N ∗. At the singularity,
we have ρ = ρ0 :=

√
a2 + κq2 and z = 0. ρ0 is often referred to as the (Euclidean) “radius” of

the ring singularity. Note that ρ0 → |a| as κ → 0. The extension for N ∗, which will be denoted
by N, consists of two copies of R3 with Cartesian coordinates (x1, x2, x3) and (x′1, x

′
2, x
′
3); and the

map Π : N → N ∗ identifies the disks D = {x2
1 + x2

2 < ρ2
0, x3 = 0} with the corresponding disk D′

in the second copy in such a way that the top of D is identified with the bottom of D′, and vice-
versa. If we endow each copy of R3 with oblate spheroidal coordinates in such a way that r ≥ κm
corresponds to one copy and r ≤ κm to the other, then the map Π is given simply by (2.42), i.e.
Π(r, θ, ϕ) = (ρ(r, θ), z(r, θ), ϕ). The involution σ is then defined to be σ(r, θ, ϕ) = (2κm−r, π−θ, ϕ).
Clearly σ2 = id. Taking the Cartesian product of N with R will then provide an extension forM∗.
We will denote it by M.

2.6.2 Sommerfeld-Evans-Zipoy spaces

The manifold N, which can be identified with a constant t slice of the spacetime M0 defined above,
is the simplest nontrivial example of a Sommerfeld-Evans-Zipoy space (SEZ space for short). An
SEZ space by definition consists of m copies of R3 (called sheets or leaves) that are glued together
along n two-sided surfaces differomorphic to the 2-disk, called branch cut surfaces, that span k
distinct non-linked simple closed curves, called branch curves. See [33] for the precise definition.
Such a space is implicitly present in Sommerfeld’s seminal paper [72] on multi-valued harmonic
functions (called “branched potentials” by Sommerfeld). His main idea was to generalize the
concept of a Riemann surface to higher-dimensional manifolds, which Sommerfeld termed branched
Riemann spaces, by looking for a three-dimensional space on which a given multi-valued harmonic
function becomes single-valued. Sommerfeld’s interest in these spaces grew out of his study of
the diffraction problem [71]. The concept of a branched space was subsequently generalized by G.
C. Evans [33]. Apparently unaware of these developments, Zipoy was led to the same concept by
noticing the behavior of spheroidal coordinate functions used to describe his newly-discovered static
axisymmetric family of solutions to Einstien’s vacuum equations [91]. Zipoy appears to have been
the first person in the GR community to notice the “duodromic” nature of space in the vicinity
of a branch curve, i.e. that a circular path around a point on the curve would have to take two
complete turns before it can close.

In the forthcoming lectures, we will demonstrate the central role of SEZ spaces in the study of
the Dirac equation.
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2.6.3 The causal geometry of KN spacetimes

The causal structure of KN spacetimes in all three regimes of the parameters was thoroughly
investigated by Carter [19]. The following conclusions are already evident from (2.43): In the
hyperextreme case the Killing field T remains timelike throughout the manifold, i.e. V > 0. On
the other hand, the rotation Killing field K undergoes a change of type. It is spacelike for large
positive and negative r, while close to the ring singularity, i.e. for r small, it becomes timelike. Let

T = {(r, θ, ϕ) | K 6= 0,g(K,K) = 0} ⊂ N ∗

denote the surface on which K is null. T is diffeomorphic to a 2-torus whose soul is the ring
singularity R. Inside T , the Killing field K is timelike, hence its orbits are closed timelike curves,
which violates causality. On the other hand, we have that the determinant of the metric induced
on the group orbits −V X −W 2 = −ρ2 < 0 and therefore the group orbits are always timelike
cylinders, which is another way of saying that there are no horizons in this spacetime. Carter
showed [19] that the existence of closed timelike loops, combined with the absence of horizons,
imply that the entire spacetime manifold is a causally vicious set, i.e. any two points in it can
be connected by both a future and a past-directed timelike curve! For this reason we call T the
causality limit surface.

2.7 The G→ 0 limit of KN spacetimes

For a fixed value of the coupling constant κ = 2G, the KN solution (M∗,g, F ) is a 3-parameter
family, indexed by mass m, charge q and angular momentum per unit mass a. Fixing these
parameters (as well as c, which we have fixed to be one), and taking the formal limit of the
solution as G→ 0 (or equivalently κ→ 0), one arrives as the triple (M∗0,g0, F0). Below we study
the properties of this limiting solution.

2.7.1 Topology and geometry of the limiting solution

It is clear that in the limit κ→ 0, the topology ofM∗ remains nontrivial, since the singular surface
R does not disappear in this limit (i.e. the “radius of the ring” ρ0 → |a| 6= 0 as κ→ 0). Thus M∗0
is still not simply connected. The limiting M0 provides an extension for M∗0. Let N ∗0 denote the
t = 0 slice of M∗0. In the next subsection we will give an alternative construction of an extension
for N ∗0 , using only one copy of R3, which will help in visualizing the limiting electromagnetic field
F0.

But first we observe that M∗0 is flat: Taking the limit κ→ 0 of the KN metric, we obtain

ds2
g0

= −dt2 + (r2 + a2) sin2 θdϕ2 +
r2 + a2 cos2 θ

r2 + a2

(
dr2 + (r2 + a2)dθ2

)
.

Recalling how the Weyl coordinates (ρ, z) are related to (r, θ):

ρ =
√
r2 + a2 sin θ, z = r cos θ,

we may thus compute that

ds2
g0

= −dt2 + dz2 + dρ2 + ρ2dϕ2,

which is the Minkowski metric. Note that since the above coordinate transformation is singular at
the ring R0 = {(r, θ, ϕ) | r = 0, θ = π

2 }, this calculation does not tell us anything about whether
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the ring is still a singularity of the limiting metric g0. The fact that it still is can be established
in the following way. For ε > 0 small let γ : [0, 2π] → M0 denote the small “circle” lying in a
meridional plane (which, without loss of generality we can take to be the plane ϕ = 0) and centered
at a point (0, π2 , 0) on the ring:

γ(α) = (r(α), θ(α), 0) with r = εa cosα, θ = ε sinα+
π

2
.

The circumference of this circle is∫ 2π

0

√
g0(γ̇, γ̇)dα = 2πaε2 +O(ε3)

while the distance of a point on the circle from its center is√
(ρ− ρ0)2 + z2 =

a

2
ε2 +O(ε3).

Thus the limit of the ratio of circumference to radius of the circle γ as it shrinks to a point is equal
to 4π, indicating that every point on the ring is a conical singularity for the metric g0.

We also note that as κ→ 0 the causality limit surface T shrinks down to its soul and disappears
in the limit, since X → (r2 + a2) sin2 θ as κ→ 0 and in particular X → a2 > 0 on the ring. Thus,
the singular ring is spacelike. There are no other singularities or pathologies remaining in M0.

The factor 4π obtained above also establishes that M0 is still “double-sheeted” just like M was.
The involution is now simply

σ0(r, θ, ϕ) = (−r, π − θ, ϕ).

Note that the metric is now invariant under this transformation, so that this is a new discrete
symmetry of the spacetime. The electromagnetic KN potentials are anti-symmetric with respect
to σ0. This shows that in the study of the KN electromagnetic fields, one cannot confine one’s
attention just to one of the two sheets of the extended manifold M0. It is necessary to view the
fields as defined on the whole extended manifold.

2.7.2 An alternative system of coordinates for M0

An extension N′0 for N ∗0 , the t = 0 slice of M∗0, can be constructed using only one copy of R3 in
the following way: For a ∈ R consider the Riemann surface

S := {(Z,W ) ∈ C2 | W 2 − 2WZ + a2 = 0}.

This is a non-singular, two-sheeted surface with branch points at Z = ±a, consisting of two copies
of C which are slit at {W = u + iv ∈ C | − a ≤ u ≤ a, v = 0} and glued together in the usual
manner, with the top lip of the slit in one copy glued to the bottom lip in the other copy. since S is
a parabolic Riemann surface, its universal cover is still C, and its compactified cover is the Riemann
sphere C̄. The projection π : C → S is given by the 2-to-1 map W 7→ Z = π(W ) = W 2+a2

2W . Let
Z = ρ+ iz and let (r, θ) denote the following elliptical coordinates in the Z plane:{

ρ =
√
r2 + a2 sin θ

z = r cos θ

Also let (r̃, θ̃) denote polar coordinates in the W plane, i.e. W = r̃eiθ̃. From the expression for π
it thus follows that θ = θ̃ and

r =
r̃2 − a2

2r̃
. (2.46)
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The mapping π is extended to R3 by making it equivariant with respect to rotations about the
z-axis, i.e., letting (θ, ϕ) denote the usual spherical coordinates on S2, with θ the polar and ϕ the
azimuthal angle, the mapping is simply

π̄(r̃, θ, ϕ) = (
r̃2 + a2

2r̃
sin θ,

r̃2 − a2

2r̃
cos θ, ϕ).

It is easy to check that the range of π̄ is N ∗0 , the κ→ 0 limit of the 3-dimensional manifold N ∗ in
the previous section, formed by gluing two copies of R3 along a 2-disk. We denote the domain of π̄
by N′0. It is homeomorphic to (a single copy of) R3. Finally, the map π̄ is extended with respect
to t in the obvious way, to arrive at π̂(t, r̃, θ, ϕ) = (t, r, θ, ϕ). The target of π̂ is now the limiting
spacetimeM∗0. The domain of π̂ is the extended spacetime M′0 we were looking for. Topologically,
it is R4.

We can check that under π̂, the top and bottom hemispheres of the sphere r̃ = a are mapped to
the two disks D and D′ in the extended manifold N ∗0 , the equator of the sphere is mapped to the
ring R0, while the interior and the exterior of this sphere each get mapped to one of the sheets in
N ∗0 . The involutive transformation between the sheets is now given by the inversion with respect
to the sphere of radius a:

σ1(r̃, θ, ϕ) = (
a2

r̃
, π − θ, ϕ).

The advantage of this realization of the extension is that the “gluing” is automatic, meaning that
the two sheets are glued exactly where they come in contact with each other, i.e. on the surface of
the sphere. Note that the ring r = 0, θ = π

2 is fixed by σ1.
The pullback under π̂ of the metric of M0 is denoted by ĝ := π̂∗g0, and we compute its line

element to be

ds2
ĝ = −dt2 +

(r̃2 − a2)2 + 4a2r̃2 cos2 θ

4r̃4
(dr̃2 + r̃2dθ2) +

(r̃2 + a2)2 sin2 θ

4r̃2
dϕ2.

ĝ, being the pullback of a flat metric, is flat. Note however that its line element does not coincide
with that of the Minkowski metric in spherical coordinates, that is to say, (r̃, θ, ϕ) are not standard
spherical coordinates (in particular r̃/r ∼ 2 for large r).

2.7.3 The KN electromagnetic fields and the “problem of sources”

It is a remarkable feature of the KN solution (already noticed in [81]) that the electromagnetic
potentials (φ, ψ) for this solution do not depend explicitly on the coupling constant κ:

φ =
qr

Σ
, ψ =

qa cos θ

Σ
,

(although of course the coordinates (r, θ) in which these are expressed, do depend on κ.) It thus
follows that, as G → 0 these same expressions continue to be solutions of Maxwell’s equations,
on the background M0, which as we have shown is flat, but with a nontrivial topology. This
observation (that the fields are independent of G) may be used to “derive” the KN fields from
classical flat-space electromagnetism: one first guesses what the right sources should be, then solves
the linear Maxwell equations with those sources to find the corresponding stationary solution, which
one then checks is identical to the KN fields in some coordinates. This is the approach in [81] for
example. The question to ask therefore, is what kind of “sources”, i.e. what arrangement of charge
and current distributions, can possibly give rise to the electromagnetic field associated with the KN
potentials? Since these potentials are singular only where Σ = 0, i.e. on the “ring” R0, it stands
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Figure 2.3: Pekeris & Frankowski’s depiction of the lines of force of KN electric and magnetic fields
(reproduced from [63]). Note the apparent singularity of the electric field across the disk.

to reason that one looks for charge/current distributions concentrated only on this ring. Previous
attempts at solving the so called “problem of sources for KN” however, have invariably neglected
the fact that the electromagnetic fields in question are defined on the extended spacetime, and that
indeed they are solutions to Maxwell’s equations, but with stationary sources prescribed on a time
slice in that manifold. As a result of this oversight, the sources proposed, e.g. by W. Israel in
[48], for the KN fields were supported not just on the ring, where the fields are obviously singular,
but on the whole disk that spans this ring, where no such singularity is apparent in the fields.
This resulted in extremely exotic and self-contradictory properties for the proposed sources, which
were then taken as starting point for later researchers in the field. In [63] for example, we find the
following recipe proposed for the “KN source”:

...a system of currents and of electric surface charges which are distributed over a circular
disc of radius a, centered at the origin, and oriented normally to the direction of the angular
momentum vector. For a positive total electric charge e, the surface charge density is negative
inside the disc, becoming infinitely negative as the rim of the disc is approached. On the rim,
there is a positive charge of infinite density which not only neutralizes the negative charge
distributed in the interior of the disc, but also leaves a residue of a positive charge equal to e.
Similarly, the currents flow in the negative direction inside the disc, with a current that becomes
infinitely negative at the rim. On the rim there is a positive current of infinite intensity, which
generates a magnetic moment compensating the negative magnetic moments distributed in the
interior, and leaves a net integrated magnetic moment of magnitude ea, the latter being equal
to the dipole component of the total magnetic moment...

It is important to note that, despite its implausibility, what is being described is precisely the
electromagnetic properties of the KN source as proposed first in [48]. What is not being described
in the above paragraph is that, in order for this to be a source, not just for the KN electromagnetic
field but also for the spacetime metric as well, the above disc has to, in addition, carry a mass of
equally bizarre proportions, one that involves negative mass distributions and superluminal speeds,
etc. In short, it appears that the only physical laws not violated by the existence of this “source”
are those not yet discovered by Man.

Apart from the impossibility of acquiring material for Israel’s source “in the shops”, another
obvious problem with this recipe is that there is no geometric way to distinguish the “disc” on which
these distributions are to be prescribed; in fact any 2-surface that spans the ring R0 should work
equally well. This is clearly a very good indication that one has started from the wrong premises.
In the next section we will demonstrate that, at least for the limiting member (M0,g0,F0) of
the KN family, it is possible to exhibit a source which is only supported on the singular ring, a
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source that lives in both sheets of the extended manifold M0, not just in one, and which easily
gives rise to the correct field F0, with no added singularities and/or causal pathologies. Moreover,
the fact that the source is prescribed in the extended manifold provides a satisfactory explanation
of the celebrated fact, first remarked on by Carter [19], that the gyromagnetic ratio of the KN
electromagnetic field is twice what it should be classically (if it were generated by a ring-like source
in a single-sheeted space).

2.8 Ab initio derivation of the limiting KN electric and magnetic
fields

2.8.1 The equation

Consider Maxwell’s equations (in the absence of regular sources) on M0: These are

dF = 0, d ∗ F = 0

where F = dA is the electromagnetic Faraday tensor, and the equations are understood to hold
in the sense of distributions (thereby allowing for singular sources to be there). Let T denote a
timelike Killing field for M0 with R-orbits. A stationary field F satisfies LTF = 0. This gives rise
to the existence of two potentials φ and ψ on M0 such that

iTF = dφ, iT ∗ F = dψ.

Both φ and ψ satisfy Laplace’s equation with respect to the metric ĝ of M0:

∆ĝφ = ∆ĝψ = 0.

Suppose now that K is a spacelike Killing field for M0 with S1-orbits, that F is also invariant under
the action of K, i.e. LKF = 0, and that [T,K] = 0. Let t and ϕ denote coordinates adapted to
these two Killing fields, i.e. K = ∂

∂ϕ and T = ∂
∂t . The potentials φ, ψ are therefore independent

of t and of ϕ. By the discussion of the previous section, each potential is a critical point of the
Dirichlet energy functional Ê:

Ê(f̂) =
1

2

∫
|∇f̂ |2e2λd3x = π

∫ (
|f̂r̃|2 +

1

r̃2
|f̂θ|2

)
r̃2 + a2

2r̃2
r̃2 sin θdr̃dθ.

Let
w := eλf̂ .

We then have

Ê(f̂) =

∫
|∇w|2 + p(x)w2 d3x,

where p(x) is the following (smooth, positive, and radial) potential

p(x) := ∆ĝλ+ |∇λ|2ĝ =
a2

(r̃2 + a2)2
.

Conclusion: both φ and ψ are of the form e−λw where w is an axially symmetric (ϕ-independent)
solution of the following equation

−∆w + p(x)w = 0

with ∆ the standard Laplacian in R3.
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2.8.2 The boundary and asymptotic conditions

Recall that Φ = φ + iψ is defined on the extension M0 of the spacetime M0. By the discussion
in 1.4.5 Φ ◦ σ1 can only be equal to one of the following: Φ, −Φ, Φ̄, and −Φ̄, there is no other
possibility. Suppose we require Φ to be anti-symmetric, i.e.

φ ◦ σ1 = −φ, ψ ◦ σ1 = −ψ. (2.47)

We recall moreover, that all KN spacetimes, including the zero-G limit M0 have a discrete re-
flectional symmetry with respect to the equatorial plane θ = π/2. We further require the electric
potential φ to be symmetric, and the magnetic stream function ψ to be anti-symmetric, with
respect to this reflection, i.e.

φ(r̃, π − θ) = φ(r̃, θ), ψ(r̃, π − θ) = −ψ(r̃, θ). (2.48)

It follows from (2.47) and (2.48) that φ (if finite) must vanish on the surface of the sphere r̃ = a,
while ψ (if finite) should vanish on the plane θ = π/2:

φ(a, θ) = 0, ψ(r̃,
π

2
) = 0.

In addition we postulate that these potentials vanish at infinity as well, i.e.

lim
r̃→∞

φ(r̃, θ) = 0, lim
r̃→∞

ψ(r̃, θ) = 0.

Since the potential p is positive, it follows from the maximum principle that one must prescribe a
singularity for φ and ψ, otherwise the only solution would be that they are identically zero. Since
φ and ψ are axially symmetric, the minimal singular support would be a point on the axis, and if
there is an off-axis singularity, then there must be a circle worth of them.

Next we observe that the singular behavior of the KN electric potential φ in the (ρ, z) variables
is

φ ∼ c√
|ρ− a|

as ρ→ a,

which is neither consistent with a uniform distribution of charged monopoles on a ring in a flat
spacetime (that behavior would be φ ∼ c log |ρ − a|) nor is it consistent with a distribution of
dipoles on the ring (i.e. φ ∼ c/|ρ − a|) but in fact it is something in between, in other words, it
is a sesqui-polar singularity. Indeed, a plotting of the KN electric lines of force (i.e. the direction
field for −∇φ) shows its asymptotic monopole behavior near infinity (in each sheet), but also a
marked departure from either monopole or dipole behavior near the ring, and the presence of four
saddle points on the symmetry axis. A similar analysis can be performed for the KN magnetic
field, revealing an asymptotic dipole in each sheet but a central singularity inconsistent with any
multipolar behavior. Figure 1 shows the trace in the (r̃, θ) plane of the KN electric and magnetic
fields on a meridional plane ϕ =const. The circle in the two figures is the trace of the sphere r̃ = 1,
where the two sheets are glued together, one sheet being inside and the other one outside that
sphere.
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Figure 2.4: Lines of force of the KN electric (left) and magnetic fields (right)



Chapter 3

General-Relativistic Quantum
Mechanics

3.1 The Dirac Equation

3.1.1 Spinorial Representations of the Lorentz group

Let H(2) denote the Hermitian matrices in C2×2. It is a real vector space of dimension 4, and a
basis is {σµ}3µ=0 where σ0 = I2 and σi are the Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
.

Let R1,3 denote the Minkowski space, with metric η = diag(1,−1,−1,−1). Let the two mappings
σ, σ′ : R1,3 → H(2) be defined by

σ(X) = Xµσµ, σ′(X) = X0σ0 −
3∑
i=1

Xiσi.

Each of these mappings gives rise to a representation of the proper Lorentz group SO0(1, 3) (the
connected component of the identity in O(1, 3)) by matrices in SL(2,C), in the following way: If
A ∈ SL(2,C), let Y ∈ R1,3 be such that

σ(Y ) = Aσ(X)A∗.

Then Y = LAX where LA is a member of the proper Lorentz group. Note that this shows SL(2,C)
to be the double cover of the proper Lorentz group, because both A = I2 and A = −I2 give LA = I4.

The maps σ and σ′ are chosen in such a way that the two representations they give are inequiv-
alent. This is because there is no matrix S ∈ SL(2,C) such that Sσ(X)S−1 = σ′(X). Note that

σ′(X) = σ(PX) where P =

(
1
−I3

)
is an element of the Lorentz group responsible for space

reflection. There is no element in SL(2,C) that can represent P , because detP = −1. A similar
statement is true about the time reversal matrix T = −P .

Let γ : R1,3 → C4×4 be defined as γ(X) =

(
0 σ(X)

σ′(X) 0

)
. For A ∈ SL(2,C) let ΛA :=(

A 0
0 (A∗)−1

)
. Then one checks that ΛAγ(X)Λ−1

A = γ(LAX) where LA is as before. Thus

49
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the mapping γ gives another representation of the proper Lorentz group by the special linear

group SL(2,C). Let also ΛP :=

(
0 I
I 0

)
and ΛT :=

(
0 −iI2

iI2 0

)
. It is easy to see that

ΛMγ(X)Λ−1
M = γ(MX) holds for M = P , M = T , and M = PT . Thus γ gives a representation of

the full Lorentz group, in the sense that

O(1, 3) = {ΛA,ΛPΛA,ΛTΛA,ΛPTΛA | A ∈ SL(2,C)}.

Setting γ(X) = γµX
µ defines the Dirac matrices {γµ}3µ=0. We have

γ0 = γ0 =

(
0 I2

I2 0

)
, γi = −γi =

(
0 σi
−σi 0

)
, i = 1, 2, 3.

Also define αkW := γ0γk =

(
σk 0
0 −σk

)
and βW := γ0. Thus {βW , αkW } provide another basis for

the same representation of the Clifford algebra by the Gamma matrices, which can be reexpressed
as

γ0 = βW , γ
k = βWα

k
W

This is called the spinorial, or Weyl, representation.
A basis for another, unitarily equivalent to the above, representation of the Clifford algebra is

given by the matrices βDP :=

(
I2 0
0 −I2

)
and αkDP :=

(
0 σk
σk 0

)
. This is called the standard,

or Dirac-Pauli, representation. Note that one still has γk = βDPα
k
DP , however γ0 in the DP

representation is βDP , which is not the same as γ0 in the Weyl representation, which is the same
as βW .

The above calculation was done on the Minkowski space R1,3. Let M be any Lorentzian
manifold. Then the tangent space and the cotangent space at each point on the manifold are
copies of R1,3. Thus all of the above can be replicated on the tangent and cotangent bundles of
the manifold.

In particular, let M be the zgKN spacetime, and let {Eµ}3µ=0 denote an orthonormal basis

(with respect to g) for TpM. A vector Ξ ∈ TpM, Ξ = Ξµ ∂
∂xµ has an expansion in this basis

Ξ = XµEµ and identifying (Xµ) with a point in the Minkowski space, one has σ(X) = Xµσµ.
In this way both the tangent and the cotangent bundle of M have a representation as order two
spinors (i.e. objects with two spinor indices, or in other words, operators that act on order one
spinors, to be defined below).

The map τ :M→M defined by τ(t, x, y, ϕ) = (t,−x,−y, ϕ) is a bundle map, i.e. Π◦τ = Π. It
is an isometric involution on M: τ∗g = g, τ2 = id, and it fixes the ring, τ |Rt = id. Its differential
dτ(p) : TpM→ Tτ(p)M induces an equivalent representation because:

σ(dτ(X)) = X0σ0 −X1σ1 −X2σ2 +X3σ3 = σ3σ(X)σ3.

3.1.2 Bispinors

Definition 3.1.1. A vector w in a vector space V (over C) on which a non-degenerate bilinear
form 〈, 〉 is defined, is called isotropic with respect to that bilinear form if

〈w,w〉 = 0.

(Note that the form is assumed to be bilinear, not sesqui-linear.)
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For example, the Minkowski metric η is a non-degenerate bilinear form on C4. A vector w ∈ C4

is thus isotropic with respect to η if w2
0 −

∑3
i=1w

2
i = 0, i.e. if it is a (complexified) null vector.

Let w 6= 0 be such a vector. It is easy to see that W := γ(w) will be singular i.e. detW = 0. The
nullspace of W in fact will be one (complex)-dimensional.

Definition 3.1.2. A vector Ψ ∈ C4 is called a bispinor if there exists a non-zero vector w ∈ C4

isotropic with respect to the Minkowski metric η such that

Null(W ) = spanC(Ψ).

From the definition of a bispinor it is clear that it is defined projectively i.e. Ψ is equivalent to
λΨ for λ ∈ C \ {0}. Recall that for M ∈ O(1, 3) we have shown that

γ(Mw) = ΛMγ(w)Λ−1
M (3.1)

where ΛM is the matrix corresponding to M in the representation of the Lorentz group given by
γ-matrices given in the above. On the other hand since M preserves the Minkowski bilinear form
η(Mx,My) = η(x, y) it thus follows that w is isotropic with respect to η iff Mw is. Moreover it is
easy to see that if the bispinor Ψ′ generates the nullspace of Mw, then we must have

Ψ′ = ΛMΨ. (3.2)

This is the rule of transformation of (rank-one) bispinors. Comparing (3.2) with (3.1) we note
that, unlike the spinorial representation γ(w) of a vector w, a bispinor is transformed by the left
action alone, not the conjugate action, of the group. In particular, let M correspond to a space
rotation of any angle about any given axis, then because of (3.1) ΛM would have to correspond to
a rotation of half of that angle, and thus by (3.2) a bispinor would be rotated through half of that
angle. A rotation through the angle 2π therefore, which leaves all vectors w ∈ V invariant, takes
Ψ to −Ψ instead.

The Dirac equation on electromagnetic spacetimes: Cartan’s frame method

In arbitrary cordinates (xµ) (with c = 1 and ~ = 1), the Dirac equation for a spin-1/2 electron
of empirical rest mass m and charge −e < 0 interacting (through minimal coupling) with an
electromagnetic field F = dA in a spacetime (M,g) reads

γ̃µ(−i∇µ + eAµ)Ψ +mΨ = 0; (3.3)

here ∇ is the covariant derivative (on spinors) associated to the spacetime metric g, and (γ̃µ)3
µ=0

are Dirac matrices associated to this metric, i.e. satisfying

γ̃µγ̃ν + γ̃ν γ̃µ = 2gµν14×4, (3.4)

while the Aµ are the pertinent components of the electromagnetic potential, A = Aµdx
µ.

Using Cartan’s frame method (see [14] and refs. therein) one can express the above covariant
derivative on spinors in terms of standard derivatives:

γ̃µ∇µ = γµeµ +
1

4
Ωµνλγ

λγµγν (3.5)

Here {eµ}3µ=0 is a Cartan frame, i.e. an orthonormal frame of vectors spanning the tangent space
at each point of the spacetime manifold. We thus have

(eµ)ν(eλ)κgνκ = ηµλ. (3.6)
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On the one hand, it follows that
γ̃µ = (eν)µγν , (3.7)

where the γν are Dirac gamma matrices for the Minkowski space, satisfying γνγµ + γµγν =
2ηµν14×4. On the other hand, let {ωµ}3µ=0 denote the dual frame to {eµ}, i.e. the orthonor-
mal basis for the cotangent space at each point of the manifold that is dual to the basis for the
tangent space:

ωµ
(
eν
)

= eν
(
ωµ
)

= δνµ. (3.8)

Then the Ωµνλ are by definition the Ricci rotation coefficients of the frame {ωµ}3µ=0, defined in the
following way: Let the one-forms Ωµ

ν satisfy

dωµ + Ωµ
ν ∧ ων = 0. (3.9)

This does not uniquely define the Ωµ
ν . However, there exists a unique set of such 1-forms satisfying

the extra condition
Ωµν = −Ωνµ, (3.10)

where the first index is lowered by the Minkowski metric: Ωµν := ηµλΩλ
ν . Since {ωµ} forms a basis

for the space of 1-forms, we then have Ωµν = Ωµνλω
λ, which defines the rotation coefficients Ωµνλ.

The Dirac equation (4.149) on a spacetime (M,g) with an electromagnetic 4-potential A can
thus be written in the following form:

γµ
(
eµ + Γµ + ieÃµ

)
Ψ + imΨ = 0; (3.11)

here, the Γµ are connection coefficients,

Γµ :=
1

4
Ωνλµγ

νγλ =
1

8
Ωνλµ[γν , γλ], (3.12)

and the Ãµ are the components of the potential A in the ωµ basis, i.e. A = Ãµω
µ, or,

Ãµ := (eµ)νAν . (3.13)

3.2 Dirac equation on spherically symmetric spacetimes

Let us consider a spherically symmetric, static, Lorentzian manifold M, that is diffeormorphic to
R× (R3 \ {0}), with coordinates t, r, θ, φ taking the usual meaning as in Chapter 1. Also, let

f : (0,∞)→ (0,∞). (3.14)

Suppose that the metric takes the following form,

ds2 = −f(r)2c2dt2 + f(r)−2dr2 + r2dθ2 + r2 sin2 θdφ2. (3.15)

Remark 3.2.1. In case of charged particle-spacetimes, f(r) = e
ξ(r)

2 , where eξ(r) is given by equation
(??).

We will now derive the covariant Dirac equation for such a metric, using the steps in section
??. This computation follows closely the same computation done in the work of Cohen and Powers
[?]. Since the metric has the form (3.15), the following one forms make an orthonormal frame:

ω̃0 = f(r)c dt, ω̃1 = f−1dr, ω̃2 = rdθ, ω̃3 = r sin(θ)dφ (3.16)
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We will not, however, use this frame for our computations. Instead we will use a frame that matches
the Cartesian frame if f ≡ 1. Henceforth, let

x = r sin(θ) cos(φ), y = r sin(θ) sin(φ), z = r cos(θ). (3.17)

We will work with the following frame

ω0 = ω̃0 (3.18)

ω1 = sin(θ) cos(φ)ω̃1 + cos(θ) cos(φ)ω̃2 − sin(φ)ω̃3 (3.19)

ω2 = sin(θ) sin(φ)ω̃1 + cos(θ) sin(φ)ω̃2 + cos(φ)ω̃3 (3.20)

ω3 = cos(θ)ω̃1 − sin(θ)ω̃2 (3.21)

(3.22)

Orthonormality of this frame can be seen from the fact that ω̃µ is an orthonormal frame. Also, we
note that if f ≡ 1 then, ω0 = dt,ω1 = dx,ω2 = dy,ω3 = dz. We now write the above in another
way, to make computations easier. Let

g(r) := r−1f(r)−1 − r−1 (3.23)

Then, the frame in (3.22), can be re-written as

ω0 = cf(r) dt (3.24)

ω1 = dx+ g(r)x dr (3.25)

ω2 = dy + g(r)y dr (3.26)

ω3 = dz + g(r)z dr. (3.27)

Since r2 = x2 + y2 + z2, we have r dr = x dx+ y dy + z dz, and

xω1 + yω2 + zω3 = r dr + g(r)r2 dr = r dr + (f−1 − 1)r dr = f−1r dr (3.28)

Let us denote
s := xω1 + yω2 + zω3 (3.29)

then,
dr = sf(r)r−1 (3.30)

and so dx, dy, dz are respectively

dx = ω1 − g(r)f(r)xr−1s (3.31)

dy = ω2 − g(r)f(r)yr−1s (3.32)

dz = ω3 − g(r)f(r)zr−1s (3.33)

From the above we compute

dω0 = f ′drdt = f ′r−1s ∧ ω0 (3.34)

= −(f ′r−1xω0) ∧ ω1 − (f ′r−1yω0) ∧ ω2 − (f ′r−1zω0) ∧ ω3 (3.35)

dω1 = gdxdr = gfr−1ω1 ∧ s (3.36)

= gfr−1yω1 ∧ ω2 + gfr−1zω1 ∧ ω3 (3.37)

dω2 = gdydr = gfr−1ω2 ∧ s (3.38)

= gfr−1zω2 ∧ ω3 + gfr−1xω2 ∧ ω1 (3.39)

dω3 = gdzdr = gfr−1ω3 ∧ s (3.40)

= gfr−1xω3 ∧ ω1 + gfr−1yω3 ∧ ω2 (3.41)
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Now, to satisfy the skew symmetry assumption (equation (??)), we rewrite the above as

dω0 = −(f ′r−1xω0) ∧ ω1 − (f ′r−1yω0) ∧ ω2 − (f ′r−1zω0) ∧ ω3 (3.42)

dω1 = −(f ′r−1xω0) ∧ ω0 + (gfr−1yω1 − (gfr−1xω2)) ∧ ω2

+(gfr−1zω1 − gfr−1xω3) ∧ ω3 (3.43)

dω2 = −(f ′r−1yω0) ∧ ω0 + (−(gfr−1yω3) + gfr−1zω2) ∧ ω3

+(gfr−1xω2 − (gfr−1yω1)) ∧ ω1 (3.44)

dω3 = −(f ′r−1zω0) ∧ ω0 + (gfr−1xω3 − (gfr−1zω1)) ∧ ω1

+(gfr−1yω3 − (gfr−1zω2)) ∧ ω2 (3.45)

From the above table we determine the Ricci connection coefficients, using equation (??). The
non-zero ones are

Ω010 = −f ′r−1x = −Ω100 ; Ω020 = −f ′r−1y = −Ω200 (3.46)

Ω030 = −f ′r−1z = −Ω300 ; Ω121 = −gfr−1y = −Ω211 (3.47)

Ω131 = −gfr−1z = −Ω311 ; Ω232 = −gfr−1z = −Ω322 (3.48)

Ω323 = −gfr−1y = −Ω233 ; Ω212 = −gfr−1x = −Ω122 (3.49)

Ω313 = −gfr−1x = −Ω133 (3.50)

Though inconsequential, we point out the pattern - (a) there are two distinct indices in each
subscript, (b) exactly one of x, y, z appear depending on whether the non-repeating index is 1, 2, 3,
respectively, (c) also if 0 appears in the subscript, f ′r−1 appears on the right and if not, gfr−1

appears, and (d) if the repeated index occurs together on the second and third positions only, and
in this case the sign is positive and otherwise negative.

The spin connection matrices can be computed from the Ricci rotation coefficients.

Γ0 = −1
1

4
Ωabγ

aγb + ie~−1c−1A0

= −1
1

4
f ′r−1

[
−xγ0γ1 − yγ0γ2 − zγ0γ3

+xγ1γ0 + yγ2γ0 + zγ3γ0+
]

+ ie~−1c−1A0

=
1

2
f ′r−1γ0

[
xγ1 + yγ2 + zγ3

]
+ ie~−1c−1A0 (3.51)

Here we have used the fact that if µ 6= ν, then γµγν = −γνγµ. Now,

Γ1 = −1

4
Ωab1γ

aγb + ie~−1c−1A1

=
1

2
gfr−1γ1

(
yγ2 + zγ3

)
+ ie~−1c−1A1. (3.52)

Similarly we see

Γ2 =
1

2
gfr−1γ2

(
zγ3 + xγ1

)
+ ie~−1c−1A2

Γ3 =
1

2
gfr−1γ3

(
xγ1 + yγ2

)
+ ie~−1c−1A3. (3.53)

We now make use of the assumption that in the spacetime that we are studying there is only
an electric potential present, so that A0 = ϕ(r)f(r)−1, where ϕ is a function of r alone, and
A1 = A2 = A3 = 0.
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Remark 3.2.2. The electric potential ϕ(r) is specified on charged particle-spacetimes by the ex-
pression given in the first chapter in equation (??).

Suppose g̃(r) is a function that satisfies g̃(r) + g(r) + g̃(r)g(r)r = 0. That is,

g̃(r) := r−1(f − 1). (3.54)

Also, note that ∂r = 1
r (x∂x + y∂y + z∂z). Then, the dual frame of orthonormal vector fields

consists of

e0 = f(r)−1c−1∂t (3.55)

e1 = ∂x + g̃(r)x∂r (3.56)

e2 = ∂y + g̃(r)y∂r (3.57)

e3 = ∂z + g̃(r)z∂r (3.58)

Therefore the covariant Dirac equation (??) simplifies to

0 = γ0

(
f(r)−1c−1∂t −

1

2
f ′r−1γ0

[
xγ1 + yγ2 + zγ3

]
− ie~−1c−1ϕ(r)f(r)−1

)
ψ

+ γ1

(
∂x + g̃(r)x∂r −

1

2
gfr−1γ1

(
yγ2 + zγ3

))
ψ

+ γ2

(
∂y + g̃(r)y∂r −

1

2
gfr−1γ2

(
zγ3 + xγ1

))
ψ

+ γ3

(
∂z + g̃(r)z∂r −

1

2
gfr−1γ3

(
xγ1 + yγ2

))
ψ +

mc

~
ψ

(3.59)

We introduce the notations

Tψ := γ1∂xψ + γ2∂yψ + γ3∂zψ (3.60)

γr :=
1

r

(
xγ1 + yγ2 + zγ3

)
(3.61)

Using these we may rewrite Dirac’s equation as

0 = γ0f(r)−1c−1∂tψ +
1

2
f ′γrψ − γ0ie~−1c−1ϕ(r)f(r)−1ψ

+ Tψ + g̃(r)rγr∂rψ − gfγrψ +mc~−1ψ.
(3.62)

From this, observing that g(r)f(r) = (1− f(r))r−1, the definition of g̃ = r−1(f − 1) from equation
(3.54), and (γ0)2 = −1, we get

i~∂tψ = i~c
{ [

2−1ff ′ − r−1f(1− f)
]
γ0γrψ + fγ0Tψ + fγ0mc~−1ψ

+f(f − 1)γ0γr∂rψ
}
− eϕ(r)ψ.

(3.63)

In the next section, we will separate the angular and the radial parts of the above equation. In
order to set the stage for it, we present the matrices αk, k = 1, 2, 3, and β defined as

αk = −γ0γk;β = iγ0. (3.64)
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The choice of γµ is made in equation (3.73). Furthermore,

p1 := −i∂x; p2 := −i∂y; p3 := −i∂z (3.65)

pr := −i∂r; αr :=
1

r

(
xα1 + yα2 + zα3

)
. (3.66)

Then, the right side of equation (3.63) can we written as

Hψ := ~c
[
2−1ff ′ + r−1f(f − 1)

]
(−iαrψ) + ~c f (αkpk + β~−1mc) ψ

+ ~cf(f − 1)αrprψ − eϕ(r)ψ. (3.67)

This is equation (3.1) in [?].

3.2.1 Hilbert space of spinors

In general, the inner product on spinors defined on a hyper-surface Σ is written in terms of the
conjugate spinor which is defined as

ψ̄ := ψ†γ0, (3.68)

where ψ† denote the conjugate transpose, namely, as

(ψ1, ψ2)gen := −
∫

Σ
ψ̄γ̃νψηνdµΣ; (3.69)

here, the measure is the induced measure on the hypersurface and η is a unit normal vector field,
and γ̃ are the gamma matrices expressed in the coordinate frame computed as γ̃ν = eνµγ

µ. On
constant-t hypersurfaces η = (1, 0, 0, 0), and because of the γ0 appearing in the definition of the
conjugate spinor, the integrand reduces to ψ†γ0γ̃0 which in turn simplifies to −f(r)−1ψ† because
the only nonzero e0

µ is when µ = 0. Thus, on constant t hyper-surfaces the inner product reduces
to

(ψ1, ψ2) :=

∫ ∞
0

∫ π

0

∫ 2π

0
ψ1(r, θ, φ)†ψ2(r, θ, φ)f(r)−1r2 sin(θ) dθdφdr. (3.70)

So, we define the following Hilbert space of four-component spinors.

H :=
{
ψ : R3 → C4|(ψ,ψ) <∞

}
(3.71)

Finally, we define

Definition 3.2.3. The operator H of equation (3.67) on the Hilbert space H is called the Dirac
Hamiltonian.

3.3 Separation of the Dirac Hamiltonian

In this section we separate the angular and radial parts of the Dirac Hamiltonian. The Hilbert
space is expressed as direct sum of invariant subspaces, on which the action of the Hamiltonian
reduces to that of a first order differential system with two components depending just on the
radial coordinate r.

Separation of Dirac’s equation on Minkowski space with a radially symmetric electrostatic
potential is well known. It is presented, for instance, in Thaller’s book [?]. The particular form of
the Dirac Hamiltonian in equation (3.67) makes it easy to work out the details of the separation.
This is because the Minkowskian Dirac operator appears verbatim in it. Therefore the angular
dependence occurs the same way as in the Minkowskian Dirac operator. We remark that this is
an advantage arising from the fact that we used an orthonormal Cartan frame that reduces to the
Cartesian frame if f ≡ 1.
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Representation of gamma matrices

The metric of charged particle-spacetime has signature (−1, 1, 1, 1). We take the following rep-
resentation for the gamma matrices. First, let σk, k = 1, 2, 3 denote the Pauli matrices, given
by

σ1 :=

(
0 1
1 0

)
; σ2 :=

(
0 −i
i 0

)
; σ3 :=

(
1 0
0 −1

)
. (3.72)

Then, with 1 denoting I2×2, the 4× 4 gamma matrices are given by

γ0 = −i
(

1 0
0 −1

)
, γj = −i

(
0 σj

−σj 0

)
, j = 1, 2, 3 (3.73)

Remark 3.3.1. These are (−i) times the matrices in the Dirac representation used when the metric
has signature (+,−,−,−) .

Then, the alpha matrices determined by equation (3.64) are

β =

(
0 1
−1 0

)
; αk =

(
0 σk

σk 0

)
, k = 1, 2, 3. (3.74)

These are the Dirac matrices in the standard representation introduced by Dirac. With the notation
introduced in equation (3.66), the (free) Dirac Hamiltonian in Minkowski space is

H0 := ~cαkpk + βmc2, (3.75)

where we have once again used Einstein’s summation convention in k, which varies over 1, 2, 3.
The radial and angular parts of H0 become when it is written in polar coordinates (from Thaller
[?] section 4.6.3),

H0 = −i~c(αr)
(
d

dr
+

1

r
− 1

r
βK

)
+ βmc2, (3.76)

where K, called “spin-orbit operator”, is given by

K := β(2S.L + 1), (3.77)

where

S :=
1

2

(
σ 0
0 σ

)
, (3.78)

L := x×−i∇, (3.79)

are the spin and the orbital angular momentum operators, respectively. The components of the
former are obtained from σ := (σ1, σ2, σ3).

We will now describe the decomposition of H into partial wave subspaces. The treatment follows
Thaller [?], sections (4.6.4) and (4.6.5). Firstly, the spin-orbit operator K acts on L2(S2)4 (with
the standard measure on the sphere), and it has a purely discrete spectrum and a complete system
of orthonormal eigenvectors. Suppose j is an index that varies in positive half-integers,

j = 1/2, 3/2, 5/2, . . . , (3.80)

while for each such j, mj is allowed to take values

mj = −j,−j + 1, . . . ,+j, (3.81)
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and κj is allowed to take the two values

κ = −(j + 1/2),+(j + 1/2). (3.82)

Specifying a triplet (j,mj , κj) gives two orthonormal eigenvector of Φ±mj ,κj . The explicit expression
for these are available in terms of spherical harmonics, but we will not need those here. These
form a complete orthonormal family of eigenvectors of K in L2(S2)4. The indices are actually
eigenvalues of operators J2, J3,K (where J := L + S is the total angular momentum operator),
given by

J2 Φ±mj ,κj = j(j + 1)Φ±mj ,κj , (3.83)

J3 Φ±mj ,κj = mjΦ
±
mj ,κj , (3.84)

K Φ±mj ,κj = −κjΦ±mj ,κj . (3.85)

These eigenfunctions satisfy
iαrΦ±mj ,κj = −± Φ±mj ,κj . (3.86)

Another property of these that we use is that the lower two components of Φ+
mj ,κj are zero while

the top two components of Φ−mj ,κj are zero. Thus, to summarize,

L2(S2)4 =
⊕

j=1/2,3/2,...

⊕
mj=−j,−j+1,...,j

⊕
κj=±(j+1/2)

Kmj ,κj , (3.87)

where
Kmj ,κj = {c+Φ+

mj ,κj + c−Φ−mj ,κj |c
± ∈ C}. (3.88)

Let us define the subspace

H∼mj ,κj = L2((0,∞); f(r)−1dr)⊗ Kmj ,κj , (3.89)

which we note is isomorphic to L2((0,∞); f(r)−1dr)2 , and the map U∼mj ,κj : H∼mj ,κj → H by

U∼mj ,κj : (g+(r), g−(r))→ 1

r

(
g+(r)Φ+

mj ,κj + g−1(r)Φ−mj ,κj

)
. (3.90)

This map preserves the inner product. We present the action of H on H∼mj ,κj , that is, compute

(U∼mjκj )
−1HU∼mjκj . In terms of the basis Φ+

mj ,κj ,Φ
−
mj ,κj , this is just an operator on L2((0, r); f(r)−1dr)2.

Let us express the Dirac Hamiltonian from equation (3.67), using the free Dirac Hamiltonian
on Minkowski, as

Hψ = ~c[
1

2
ff ′ +

1

r
f(f − 1)](−iαrψ) + fH0ψ + ~f(f − 1)cαrprψ − eϕψ. (3.91)

Now, from Theorem (4.14) in Thaller [?], the (U∼mjκj )
−1HU∼mjκj on (g+(r), g−(r)) is given by the

operator (
mc2 −cdr + ~cκjr

~cdr + ~cκjr −mc2

)
. (3.92)

Using this we compute, with temporary notation g± = g±(r),Φ± = Φ±mj ,κj (θ, φ),

H

(
g+ Φ+

r

)
=

[
mc2fg+(r)− eϕ(r)

] Φ+

r
+ ~

[
cg+ 1

2
ff ′ + cf2 drg

+

]
Φ−

r
,

H

(
g−

Φ−

r

)
=

[
−fmc2 − eϕ(r)

] Φ+

r
+

[
−~cf2 drg

− + κj~
f

r
g− − 1

2
ff ′g−

]
Φ+

r
.

(3.93)
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Therefore the operator H on H∼mj ,κj = L2((0,∞), f(r)−1dr)2 is given by

H∼1
mj ,κj =

(
c2fm− eϕ ~c

(
−f2 dr + f

κj
r − r

1
2ff

′)
~c
(
f2 dr + f

κj
r + 1

2ff
′) −c2mf − eϕ

)
. (3.94)

We can remove the f(r)f ′(r) term by a variable change. Define

Uv :
(
g+(r), g−(r)

)
7→
(
f(r)+1/2g+(r), f(r)+1/2g−(r)

)
, (3.95)

and it is clear that this is a unitary isomorphism

Uv : L2((0,∞), f(r)−1dr)2 → L2((0,∞); f(r)−2dr)2.

Further,

H∼2
mj ,κj := UvH∼1

mj ,κj (U
v)−1 =

(
c2f(r)m− eϕ(r) −c~f(r)2 dr + ~f(r)c

κj
r

c~f(r)2 dr + ~cf(r)
κj
r −c2mf(r)− eϕ(r)

)
. (3.96)

In the last step, we change r to x according to

dx

dr
= f(r)−2, x(r = 0) = 0. (3.97)

Remark 3.3.2. The function x(r) is same as the function tr (r) defined in equation (??).

Then the map Uw : L2((0,∞), f−2(r)dr)2 → L2((0,∞); dx)2 given by

Uw(g1(r), g2(r)) = (g1(r(x)), g2(r(x)) (3.98)

is a unitary isomorphism, as the integration measure f−2dr is equal to dx. Also, f(r)2 d
dx turns

into f(r)−2f(r)2 d
dx which is equal to d

dx .
Thus we have proved the following theorem.

THEOREM 3.3.3. The Hilbert space H is a direct sum of the subspaces H∼mj ,κj , each of which

is isomorphic to Hredmj ,κj := L2((0,∞); dx)2, and each of these subspaces are mapped into itself by
the the Dirac Hamiltonian. Thus, the Dirac Hamiltonian H on H is a direct sum of Hmj ,κj :=
UwH∼2

mj ,κj (U
w)−1, on Hredmj ,κj , and,

Hmj ,κj =

(
c2f(r)m− eϕ(r) −c~ d

dx + ~f(r)c
κj
r

~c ddx + ~cf(r)
κj
r −c2mf(r)− eϕ(r)

)
, (3.99)

where r(x) is obtained from the solution of the differential equation (3.97).

3.4 Essential self-adjointness of the Dirac Hamiltonian

Here we prove that Hmj ,κj defines a unique self-adjoint operator on Hredmj ,κj . To do this we first
recall the following definition.

Definition 3.4.1. A symmetric operator T with domain D in a Hilbert space is said to be essen-
tially self-adjoint if its closure T̄ is self-adjoint.

The usefulness of this definition is that if T is essentially self-adjoint then it has one and only
one self-adjoint extension. The main theorem of this section is the following.



60 CHAPTER 3. GENERAL-RELATIVISTIC QUANTUM MECHANICS

THEOREM 3.4.2. Every reduced Dirac Hamiltonian Hmj ,κj is essentially self-adjoint on the
domain D0 = C∞c (0,∞)2 ⊂ L2((0,∞), dx)2 = Hredmj ,κj .

Notation 3.4.3. Henceforth by we will denote the unique self-adjoint extension also by Hmj ,κj .

Proof. The proof proceeds by a version of Weyl’s limit-point/ limit-circle criterion adapted for
Dirac type systems. The original argument of Weyl was for Sturm Liouville systems, introduced
in his seminal work in 1910. In his book, [?], Weidmann considers general formal differential
expressions τ of the form

τu := r(x)−1


bn/2c∑
j=0

(−1)j
(
pj(x)u(j)(x)

)(j)

+

bn−1
2
c∑

j=0

(−1)j
[(
qj(x)u(j)(x)

)j+1
−
(
q∗j (x)u(j+1)(x)

)(j)
] , (3.100)

where the u are Cm valued functions defined on (a, b),−∞ ≤ a ≤ b ≤ ∞, n is the order of the
differential expression, and the coefficients r, pj , qj are m × m matrix-valued functions on (a, b),
r(x) is positive definite, and the pj(x) are all Hermitian.

In our case, m = 2, n = 1, so that j = 0 is the only index (which we will leave out from now) ,

r(x) = 12×2, and q(x) = q =

(
0 −1/2

1/2 0

)
, so that τ takes the following form:

Definition 3.4.4. Suppose P (x) is a real symmetric matrix, for each x ∈ (a, b). Then, by a Dirac
type differential expression τ , associated to P (x), we mean, for u : (a, b)→ C2,

τu :=

(
0 1
−1 0

)
u′ + Pu (3.101)

The version of Weyl’s alternative stated for Dirac type systems is

THEOREM 3.4.5 ([?], Theorem 5.6 (Weyl’s alternative)). Suppose τ is a Dirac type differential
expression. Then, either:

1. for every λ ∈ C all solutions of (τ − λ)u = 0 lie in L2 near b (that is, for every solution u
there is a c ∈ (a, b) such that u ∈ L2((c, b), dx), or :

2. for every λ ∈ C \ R there exists a unique (up to a multiplicative constant) solution u of
(τ − λ)u = 0 which is in L2 near b.

In the first case, τ is said to be in the limit circle case (l.c.c.) at b, and in the second case, τ is said
to be in the limit point case (l.p.c.) The same result holds with L2 near b replaced with L2 near a
in both cases.

The importance of this theorem is that it helps us to compute the deficiency indices of τ .

THEOREM 3.4.6 ([?], Theorem 5.7). Suppose τ is a Dirac-type differential expression. Then,
the deficiency indices are

1. (2, 2) if τ is l.c.c. at both a, b,

2. (1, 1) if τ is l.c.c. at one end point and l.p.c. at the other, and
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3. (0, 0) if τ is l.p.c. at both end points a, b.

In the last case, if the deficiency indices are (0, 0), then the minimal operator (defined by τ by
taking the closure of the operator τ defined on C∞c (0,∞)2) is the only self-adjoint extension of the
minimal operator.

The following theorem, paraphrased from Weidmann for our specific type of τ , says that we
need only worry about the endpoint 0.

THEOREM 3.4.7 ([?], Theorem 6.8, Corollary). Suppose τ is a Dirac type differential expression
in (a,∞). Then, τ is in the limit point case at ∞.

Now, let us determine the type at the other end point 0. We take λ = 0. Write

Hmj ,κj = ~c
(

0 − dx + f
κj
r

dx + f
κj
r 0

)
+

(
c2fm− eϕ 0

0 −c2mf − eϕ

)
. (3.102)

From chapter 1, since |ϕ(r)| is decreasing and |ϕ(0)| is finite, and f(r) = eξ(r)/2 is increasing with
limr→∞ f(r) = 1, the second matrix here is bounded. Therefore in order to determine the type at
0 we may only look at the first matrix. So consider(

0 − dx + f(r)
κj
r

dx + f(r)
κj
r 0

)
(u1(x), u2(x))T = 0. (3.103)

This simplifies to two decoupled equations,

−u′2(x) + f(r)
κj
r
u2(x) = 0, (3.104)

u′1(x) + f(r)
κj
r
u1(x) = 0, (3.105)

whence

u2(x) = c2e
∫ x
x0
f(r(s))

κj
r(s)

ds
, (3.106)

u1(x) = c1e
∫ x
x0
f(r(s))

−κj
r(s)

ds
, (3.107)

where x0 ∈ (0,∞) is fixed below.
From the asymptotics near 0 from equation (??) in chapter 1, f(0) =

√
1−Aε2, where ε is

defined by equation (??). Further, using the fact that f(r) is increasing, and by continuity, given
an η > 0, there exists an r neighbourhood (0, δ) such that

b1 :=
√

1−Aε2 < f(r) <
√

1−Aε2 + η =: b2, ∀r ∈ (0, δ), (3.108)

and so, with x0 = x(r = δ), for all 0 < x < x0,

b−2
2 < f(r)−2 < b−2

1 (3.109)

⇒ b−2
2 r < x < b−2

1 r (3.110)

⇒ b−2
2

1

x
<

1

r
< b−2

1

1

x
(3.111)

⇒ b1b
−2
2

1

x
< f(r)

1

r
< b2b

−2
1

1

x
(3.112)

⇒ b1b
−2
2 (ln(x0)− ln(x)) <

∫ x0

x
f(r(s))

1

r(s)
ds < b2b

−2
1 (ln(x0)− ln(x)) (3.113)

⇒ −b2b−2
1 (ln(x0)− ln(x)) <

∫ x

x0

f(r(s))
1

r(s)
ds < −b1b−2

2 (ln(x0)− ln(x)) (3.114)
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Now, suppose κj is positive. Then, κj ≥ 1, from the fact about eigenvalues of the spin-orbit
operator K. Then,

u1(x) > c1e
−b1b−2

2 κj ln(x) > x−b1b
−2
2 κj > x−b1b

−2
2 . (3.115)

Therefore, if b1b
−2
2 > 1/2, u1 won’t be in L2((0, x0), dx). Similarly, if κj were negative, the same

can be said about u1 provided b2b
−2
1 > 1/2. Now,

√
1−Aε2(

√
1−Aε2)−2 > 1 > 1/2 so one may

choose an η so that both b1b
2
2 and b2b

2
1 are greater than 1/2.

Thus, we have verified that Hmj ,κj is the limit point case at the boundary point 0. So Hmj ,κj is
l.p.c at both boundary points 0,∞, and therefore Hmj ,κj is essentially self-adjoint on C∞c (0,∞)2.

This ends the proof of Theorem 3.4.2.

3.5 Essential spectrum

In this subsection, we prove the theorem stated below.

THEOREM 3.5.1. For every mj , κj, the essential spectrum of Hmj ,κj is given by

σess
(
Hmj ,κj

)
= (−∞,−mc2] ∪ [mc2,∞). (3.116)

Remark 3.5.2. Because the essential spectrum of the Dirac Hamiltonian is the closure of the union
of the essential spectrums of the reduced Dirac Hamiltonians, the theorem implies that the essential
spectrum of the Dirac Hamiltonian is also (−∞,−mc2] ∪ [mc2,∞).

To begin with, spectrum of the free Dirac operator H0 on Minkowski space is precisely the
same set. This is easily shown using Fourier transform (Lemma 3.5.3 below). Then, we set up the
perturbation argument, which follows from the local compactness property of the free Dirac H0,
from which we show the same for the reduced maps H0,mj ,κj (defined by taking f ≡ 1, e = 0).
The proof of the theorem begins after the lemmas 3.5.3, 3.5.4, 3.5.5 and 3.5.6. We follow the
arguments in section 4.3.4 of Thaller’s book [?]. We remark that this proof won’t work in the case
of Reissner-Nordström (RN) spacetime as we use the boundedness of the metric coefficient f(r)
and the potential ϕ. We also use the fact that the metric at infinity is like RN, that is f tends to
1 and the potential asymptotically is Coulombic.

Lemma 3.5.3. The essential spectrum of the free Dirac operator H0 = −iα.∇+ βmc2 on L2(R3)
is given by (−∞,−mc2] ∪ [mc2,∞).

Proof. In Fourier (momentum) space the operator H0 becomes the multiplication operator

h(p) := (FH0F−1)(p) = αp + βmc2, (3.117)

where F denotes the Fourier transform. The four eigenvalues of the matrix on the right are
easily computed as λ(p) := ±

√
p2c2 +m2c4 with each eigenvalue repeated twice. The unitary

transformation u(p) := a+(p)1 + a−(p)β αpp with a±(p) = 1√
2

√
1± mc2

p2c2+m2c4
diagonalizes h(p).

Therefore the spectrum consists of all possible values of λ(p), which is R \ (−mc2,mc2). By
definition of the essential spectrum, the lemma follows.

We reproduced the following perturbation result, from Thaller [?] section 4.3.4.

Lemma 3.5.4. Suppose that H0, H0 +V are two self-adjoint operators such that V is H0-bounded,
and

lim
R→∞

||V (H0 − z)−1χ(|x| > R)|| = 0. (3.118)



3.5. ESSENTIAL SPECTRUM 63

Suppose also that 0 is not in the spectrum of H0, and H0 possess local compactness with |H0|−1χ(|x| <
R) compact for all R, then σess(H) = σess(H0).

Proof. We have the famous theorem of H.Weyl that states that if H,H0 are self-adjoint operators
such that for one (and hence all) z ∈ C\R, the operator (H−z)−1−(H0−z)−1 is compact, then the
essential spectrums match, that is σess(H) = σess(H0). If H = H0 +V , and V is H0-bounded, this
resolvent difference can be rewritten using the resolvent formula as −(H − z)−1V (H0 − z)−1. To
ensure compactness, it is enough to have B := V (H0 − z)−1 is compact. This can further be split
as Bχ(|x| ≤ R) +Bχ(|x| > R), where χ is the indicator function. By assumption, the potential we
take satisfies limR→∞ ||V (H0−z)−1χ(|x| > R)|| = 0. Because the norm limit of compact operators
is compact, to establish the required compactness it is enough to show Bχ(|x| ≤ R) is compact.
We write Bχ(|x| ≤ R) = V (H0 − z)−1|H0|1|H0|−1χ(|x| ≤ R). This is compact, by assumption on
the last two terms.

Next, we state a lemma about reduced the free Dirac Hamiltonian H0,mj ,κj obtained by taking
f(r) ≡ 0, e = 0.

Lemma 3.5.5. If H0 = H0,mj ,κj , a reduced free Dirac operator, then requirement (3.118) is fulfilled
provided V (x) vanishes at infinity.

Proof. Suppose fR : [0,∞) → [0, 1] is a smooth function such that fR(x) = 0, x < R/2 and
fR(x) = 1, x ≥ R, and also that |f ′R(x)| ≤ R/4∀x. Then, χ(|x| ≥ R) = fRχ(|x| ≥ R). With
Rz := (H0,mj ,κj − z)−1, χR := χ(|x| > R),

RzχR = RzfRχR

= fRRzχR + [Rz, fR]χR

= fRRzχR +Rz[fR, H0,mj ,κj − z]RzχR. (3.119)

Since
H0,mj ,κju(x) = −i~cσ2u′(x) + ~cσ1 κ

r(x)
u(x) +mc2σ3u(x), (3.120)

we have

[fRχR, H0,mj ,κj ] = −i~cσ2f ′R ⇒ ||[fRχR, H0,mj ,κj ]|| ≤
1

4
R. (3.121)

So becauseRz is bounded (by the definition of resolvent) and V Rz which is equal to V H0,mj ,κjH
−1
0,mj ,κj

(H0,mj ,κj−
z)−1, is bounded as V is H0,mj ,κj -bounded, we have

||V RzχR|| ≤ ||V fR||||RzχR||+ ||V Rz||||[fRχR, H0,mj ,κj ]||||RzχR|| (3.122)

≤ ( sup
x>R/2

|V (x)|)||Rz||+
1

4R
||V Rz||||Rz||. (3.123)

Therefore, if V is vanishing at infinity, the requirement (3.118) holds true for the reduced free Dirac
operators.

If H0 is the free Dirac operator, then the local compactness in Lemma 3.5.4 holds. The operator
|H0|−1χ(|x| ≤ R) is compact by the general result that if we have two functions g1, g2 : [0,∞)→ C
that vanish at infinity, limr→∞ g1(r) = limr→∞ g2(r) = 0, then g1(p2)g2(x2) is compact, and by
taking |H0|−1(p) = (c2p2 + m2c4)−1/2 = g1(p2) and χ(|x| ≤ R) = g2(x2). From this, since H0 is
unitarily equivalent to

⊕
j,mj ,κj

H0,mj ,κj , we have that |H0,mj ,κj |−1χ(|x| ≤ R) is also compact for
every j,mj , κj .

Now, the essential spectrum of every H0,mj ,κj is the same.
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Lemma 3.5.6. Suppose H1 = H0,m1
j1

1,κ1
j1
, H2 = H0,m2

j2
,κ2
j2

, are obtained by reduction of the free

Dirac operator (obtained by taking f ≡ 1, e = 0 in the Dirac Hamiltonian H). Then, σess(H1) =
σess(H2).

Proof. Firstly, we see that by adapting the proof of Theorem 3.4.2, we see H1 and H2 are essentially
self-adjoint on D = C∞0 (0,∞)2 ⊂ L2((0,∞), dx)2. Now, V := H1−H2 = ~c(κ1

j1−κ
2
j2) 1

r(x)σ
1, where

σ1 is the first Pauli matrix defined in (3.72). We note that V is vanishing at ∞, so by Lemma
3.5.5, we see that the requirements in equation (3.118) are met. Notice that, with κ = κ1

j1 , for

u = (u1(x), u2(x))T , H1 = −i~cσ2u′(x) + ~cσ1 κ
r(x)u(x) +mc2σ3u(x). From this, with

s = max

{
1,
|(κ1

j1 − κ
2
j2)|

κ

}
,

we see that

s2||H1u||2 = s2~2c2||u′(x)||2 + s2~2c2κ2||u(x)

r(x)
||2 +m2c4||u||2

≥ ||V u||2 = ~2c2
(
κ1
j1 − κ

2
j2

)2
||u(x)

r(x)
||2. (3.124)

The last inequality follows from |κ| ≥ 1 and that s can be chosen. Thus V is H1 bounded. So, by
Lemma 3.5.4, the proof is finished. Since H0 is unitarily equivalent to

⊕
j,mj ,κj

H0,mj ,κj , we have

that σess(H0) = ∪σess(H0,mj ,κj ), and therefore using Lemma 3.5.6 and Lemma 3.5.6 we arrive at

σess(H0,mj ,κj ) = (−∞,−mc2] ∪ [mc2,∞) ∀j,mj , κ
j . (3.125)

Finally we are in a position to present the proof of the main theorem.

Proof. (Theorem 3.5.1) We note that the reduced Dirac Hamiltonian on the charged particle-
spacetime is Hmj ,κ = H0,mj ,κj + V , where

V := ~cσ1(f(r)
κ

r(x)
− κ

x
) + (−1 + f(r))mc2σ3 − eϕ(r). (3.126)

So, since σ1, σ2 have eigenvalues ±1, we have

||V u|| ≤ ~cκ||g1(x)u(x)||+mc2||g2(x)u(x)||+ e||g3(x)u(x)||, (3.127)

where g1(x) = f(r)
r(x) −

1
x , g2(x) = (1− f(r)), g3(x) = ϕ(r(x)). The x(r) used here satisfies equation

(3.97), which is the same as the one satisfied by r̃ in equation (??) as f(r)2 = eξ(r). So, by Lemma
??, part (d), 1/r ≤ (1 − Aε2)−1 1

x . Also, 0 < f(r) < 1. So, |g1(x)| ≤ ((1 − Aε2)−1 + 1)( 1
x). Since

f(r), ϕ(r) are bounded, g2(x), g3(x) are in L∞(0,∞) with |g2(x)| ≤ 2, |g3(x)| ≤ ϕ(0) (because we
know ϕ is decreasing). So, we have

||V u|| ≤ ~cκ((1−Aε2)−1 + 1)||u(.)

x
||+ 2mc2||u||+ ~2eϕ(0)||u|| (3.128)

The norm of the reduced free Dirac operator acting on u on the other hand evaluates to

||H0,mj ,κju||2 = ~2c2||u′(x)||2 + ~2c2κ2||u(x)

x
||2 +m2c4||u||2. (3.129)
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Therefore, if a := max
{

(1 +Aε2)−1 + 1, 2m2c2+~ e |ϕ(0)|
mc2

}
, then ||V u|| ≤ a||H0,mj ,κju||; that is, V

is H0,mj ,κj bounded. By Lemma 3.5.4 and Lemma 3.5.5, we have that essential spectrum of the
reduced Dirac Hamiltonian on our charged particle-spacetime matches that of the reduced free
Dirac operator. Since the Dirac Hamiltonian itself unitarily equivalent to a direct sum of reduced
Hamiltonians, the theorem is proven.

3.6 Spectral gap around 0

Recall ε =
√
GM
|Q| . Let us define

ε′ :=
√
G
m

e
. (3.130)

Using a result of Hinton, Mingarelli, Read and Shaw from [43], we prove the following theorem.

THEOREM 3.6.1. Suppose that

ε′(1−Aε2)1/2 − 3

2
ε > 0 (3.131)

and define η by

η := m(1−Aε2)1/2 − e3

2

c2

√
G
. (3.132)

Then, the spectral subset σ(Hmj ,κj ) ∩ (−η, η) is empty.

Proof. From [43], we use Theorem 3.3, which states (with notations changed to match ours) :

THEOREM 3.6.2 ([43]Thm3.3). Let −iσ2 =

(
0 −1
1 0

)
and P (r) be a real symmetric 2×2 matrix

for r ∈ (0,∞). Let L be the maximal operator obtained from operator

y → −iσ2y′ − P (r)y.

Suppose U is an orthogonal matrix such that Re
∫∞

0 y∗U(−iσ2)y′dx = 0 and UP + P ∗U∗ ≥
2η, or UP + P ∗U∗ ≤ −2η. Then, for any y ∈ Cc(0,∞), ||Ly|| ≥ η||y||.

We will apply this with L = ~−1c−1Hmj ,κj . We take U = −σ3 =

(
−1 0
0 1

)
, which is unitary.

Then, −iUσ2 = −σ1 =

(
0 −1
−1 0

)
, and −y∗U(−iσ2)y′ = ȳ1y

′
2 + ȳ2y

′
1, whose real part is the

derivative of Re(ȳ1y2), and so the requirement on U is met. Finally, keeping in mind that the
matrix P has real entries, we compute

UP + P ∗U∗ = 2

(
−P11 0

0 P22.

)
(3.133)

We may write the operator ~−1c−1Hmj ,κj , as

~−1c−1Hmj ,κjy =

(
0 −1
1 0

)
y′ − ~−1c−1

(
eϕ(r)−mf(r) −f(r)

κj
r

−f(r)
κj
r eϕ(r) +mf(r)

)
y. (3.134)

For us, P11 = ~−1c−1(eϕ−mf), P22 = ~−1c−1(eϕ+mf), and so the matrix UP +P ∗U∗ is diagonal
with diagonal entries 2~−1c−1(mf(r)−eϕ(r)), 2~−1c−1(mf(r)+eϕ(r)). Since |ϕ| is decreasing and
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f is increasing, we see that both −2P11 and 2P22 are the least when η1 = ~−1c−1(mf(0)−|eϕ(0)|).
We now express this in terms of the dimensionless mass-to-charge ratio ε. Notice f(0) = (1 −
Aε2)1/2, sgn(Q)φ(0) = 3ε

2
c2√
G

, so the gap η1 = ~−1c−1{m(1 − Aε2)1/2 − 3
2 |e|ε

c2√
G
}. Now, by the

theorem above, the quadratic form associated to the square of operator L , satisfies (L2y, y) =
(Ly,Ly) ≥ η2||y||2. But in the charged particle spacetime case, the operator defining L is essentially
self-adjoint. So, the minimal and the maximal operators are the same. Therefore, the spectrum
of the self-adjoint L2 = ~−2c−2H2

mj ,κj skips the interval (−η1, η1), and the same is true about

~−1c−1Hmj ,κj . This proves the theorem.

3.7 Eigenvalues and continous spectrum

We show that there are infinitely many eigenvalues in the gap of the essential spectrum. We came
across the method of proof adopted here in a paper by Belgiorno [?].

THEOREM 3.7.1. Suppose that −eQ 6= 0. Then, the following statement holds: the spectral
subset σ(Hmj ,κj ) ∩ (−mc2,mc2) is non-empty and infinite.

Remark 3.7.2. Since (−mc2,mc2) does not belong to the essential spectrum, the theorem show
existence of infinite number of eigenvalues. Also, since the full Hamiltonian H is a direct sum of
the reduced Hamiltonians, it also has infinitely many eigenvalues in the gap.

Proof. We use a theorem from [43]. A positive linear functional on real n× n matrices is one that
evaluates to a non-negative value on symmetric, positive semi-definite matrices.

THEOREM 3.7.3 ([43], 2.3). Let J =

(
0 −1
1 0

)
and P (x) =

(
V2(x)− c2 p(x)
p(x) V1(x) + c1

)
, where

c1, c2 are positive numbers, and V1(x), V2(x), p(x) are real-valued, locally integrable functions defined
on (0,∞). Let L1 be any self-adjoint operator defined by

L1y = Jy′ − P (x)y, (3.135)

Suppose that d > 0 and g is a positive linear functional on the real n× n matrices. Then following
statements about the operator L1 are equivalent:

1. |σ(L1) ∩ (−d, d)| =∞,

2. the differential equation below is oscillatory at zero or infinity:

−g[I]z′′ + g

[
P 2 − d2I2 +

P ′J − JP ′

2

]
z = 0. (3.136)

We will apply the theorem to L1 = (~c)−1Hmj ,κj . Let us take g[B] = (Bu, u) with the vector
u = (1, 0)T . So, g[I] = 1, g[B] = B11. Secondly, in our case,

Γ(x) := g

[
P 2 − d2I +

P ′J − JP ′

2

]
= (−mc2 + eϕ)2(~c)−2 +

(
kf

r

)2

− d2 + k

(
f

r

)′
. (3.137)

Note that as before a prime indicates differentiation in the variable x. From Corollary 37 in [?],
every solution of −z′′ + Γ(x)z = 0 has an infinite number of zeros on a neighbourhood [a,∞) of
∞ if limx→∞ x

2Γ(x) < −1
4 . That is, the differential equation is oscillatory. As x → ∞, we have,
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ϕ ∼ Q
r , f ∼ 1, r ∼ x, and d = mc2(~c)−1, so we see that limx→∞ x

2Γ(x) = limx→∞ x
2(−2meϕ(r)) =

−∞, if −eQ < 0.
Now, if −eQ > 0, we may take g[B] = (Bu, u), u = (0, 1)T . Then, the only changes in the

expression for Γ(x) is that −mc2 becomes +mc2 and +κ(f/r)′ turns into −κ(f/r)′. So, the same
argument above helps us conclude that the resulting differential equation is oscillatory.

Therefore, there are infinitely many eigenvalues of ~−1c−1Hmj ,κj in
(−mc2(~c)−1,mc2(~c)−1), which proves our theorem.

In the next theorem, we determine the continuous spectrum.

THEOREM 3.7.4. For each j,mj , κj, the reduced Dirac Hamiltonian Hmj ,κj has purely absolutely
continuous spectrum in (−∞,−mc2) ∪ (mc2,∞).

Proof. We prove this theorem using a result from Weidmann’s book, which we have paraphrased
below.

THEOREM 3.7.5 (Theorem 16.7, [?]). Consider a Dirac type expression τ (definition 3.4.4) on
(a,∞), for which the matrix P (r) can be written as P1(r) + P2(r), where for some c ∈ (a,∞) the
components of P1(r) are in L1((c,∞)), and the components of P2(r) are of bounded variation in
[c,∞). Suppose also that

lim
r→∞

P2(r) =

(
a 0
0 b

)
, a ≥ b. (3.138)

Then, every self-adjoint realization of τ has purely absolutely continuous spectrum in (−∞, b) ∪
(a,∞).

In our case, we have

Hmj ,κj = ~c
(

0 −dx
dx 0

)
+

(
mc2f(r)− eϕ(r) f(r)

κj
r

f(r)
κj
r −mc2f(r)− eϕ(r)

)
. (3.139)

Now, the functions f(r), ϕ(r), f(r)/r, considered as functions of x, are of bounded variation in
[1,∞). This is because they are all differentiable functions whose derivative is in L1(1,∞), for,

from the asymptotics near ∞ given in equations (??), f(r)2 ∼ 1− 2GM
c2r

+ GQ2

c4r2 and ϕ(r) ∼ Q
r and

dr
dx = f(r)2. Therefore, we may take P1(x) to be zero and P2(x) to be the second matrix on the
right in equation (3.139). Immediately we see that,

lim
x→∞

P2(x) =

(
mc2 0

0 −mc2

)
, (3.140)

and so our theorem is proved by applying Theorem 3.7.5 with a = mc2, b = −mc2.
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Chapter 4

Dirac equation on zero-G
Kerr-Newman spacetimes

As explained in section ??, the single chart C \ S of oblate spheroidal coordinates (t, r, θ, ϕ) covers
the whole zero-G Kerr spacetime (M,g), and in section ?? we saw that in these coordinates
the electromagnetic Appell–Sommerfeld one-form A is everywhere on (M,g) given by the simple
formula (??). It is therefore only natural that one would like to write Dirac’s equation (4.149) in
these coordinates as well, in the hope of achieving at least some partial separation of variables.1

However, unlike Cartesian coordinates (xµ) in Minkowski spacetime, oblate spheroidal coordi-
nate derivatives do not give rise to an orthonormal basis for the tangent space at each point of a
zero-G Kerr spacetime. Thus, to bring (4.149) into the Cartan form (3.11) using oblate spheroidal
coordinates, one also needs to construct a suitable Cartan frame. Following Chandrasekhar [22],
Page [62], Toop [82] (see also Carter-McLenaghan [20]), we introduce a special orthonormal frame
{eµ}3µ=0 on the tangent bundle TM which is adapted to the oblate spheroidal coordinates in order
for the Dirac equation to take a comparatively simple form.

We begin by introducing a Cartan (co-)frame {ωµ}3µ=0 for the cotangent bundle2:

ω0 :=
∆

|ρ|
(dt− a sin2 θ dϕ), ω1 := |ρ|dθ, ω2 :=

sin θ

|ρ|
(−adt+ ∆2dϕ), ω3 :=

|ρ|
∆
dr, (4.1)

with the conventional abbreviations

∆ :=
√
r2 + a2, ρ := r + ia cos θ. (4.2)

Let us denote the oblate spheroidal coordinates (t, r, θ, ϕ) collectively by (yν). Let gµν denote the

coefficients of the spacetime metric (??) in oblate spheroidal coordinates, i.e. gµν = g
(

∂
∂yµ ,

∂
∂yν

)
.

One easily checks that written in the {ωµ} frame, the spacetime line element is

ds2
g = gµνdy

µdyν = ηαβω
αωβ, (4.3)

where

η = diag(1,−1,−1,−1) (4.4)

1The idea of using special frames adapted to a coordinate system in order to separate spinorial wave equations in
those coordinates goes back to Kinnersley [53] and Teukolsky [78].

2This particular frame is called a canonical symmetric tetrad in [20].
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is the Minkowski metric in rectangular coordinates. This shows that the frame {ωµ}3µ=0 is indeed
orthonormal. With respect to this frame the electromagnetic Sommerfeld potential (??) becomes
A = Ãµω

µ, with

Ã0 = −Q r

|ρ|∆
− (Q− Iπa)

a2r sin2 θ

∆|ρ|3
, Ã1 = 0, Ã2 = − (Q− Iπa)

ar sin θ

|ρ|3
, Ã3 = 0. (4.5)

Remark 4.0.6. We observe that for Q = Iπa, all but one of the quantities Ãµ vanish, and the
non-vanishing one, Ã0, reduces to −Qr/|ρ|∆.

Next, let the frame of vector fields {eµ} be the dual frame to {ωµ}. Thus {eµ} yields an
orthonormal basis for the tangent space at each point in the manifold:

e0 =
∆

|ρ|
∂t +

a

∆|ρ|
∂ϕ, e1 =

1

|ρ|
∂θ, e2 =

a sin θ

|ρ|
∂t +

1

|ρ| sin θ
∂ϕ, e3 =

∆

|ρ|
∂r . (4.6)

Next, the anti-symmetric matrix
(
Ωµν

)
=
(
ηµλΩλ

ν

)
is computed to be

(Ωµν) =


0 −Cω0 −Dω2 Dω1 −Bω3 −Aω0 −Bω2

0 Dω0 + Fω2 −Eω1 − Cω3

(asym) 0 −Bω0 − Eω2

0

 , (4.7)

with

A :=
a2r sin2 θ

∆|ρ|3
, B :=

ar sin θ

|ρ|3
, C :=

a2 sin θ cos θ

|ρ|3
, D :=

a cos θ∆

|ρ|3
, E :=

r∆

|ρ|3
, F :=

∆2 cos θ

|ρ|3 sin θ
.

(4.8)
With respect to this frame on a zero-G Kerr spacetime the covariant derivative part of the

Dirac operator (4.149) can be expressed with the help of the operator

O := γ̃µ∇µ =

(
0 l′ + m′

l + m 0

)
, (4.9)

where

l :=
1

|ρ|

(
D+ L−
L+ D−

)
(4.10)

and

l′ :=
1

|ρ|

(
D− −L−
−L+ D+

)
, (4.11)

with
D± := ±∆∂r +

(
∆∂t +

a

∆
∂ϕ

)
, L± := ∂θ ± i

(
a sin θ ∂t + csc θ∂ϕ

)
, (4.12)

while

m :=
1

2

[
(−2C + F + iB)σ1 + (−A+ 2E + iD)σ3

]
=

1

2|ρ|

(
r
∆ + ∆

ρ̄ cot θ + ia sin θ
ρ̄

cot θ + ia sin θ
ρ̄ − r

∆ −
∆
ρ̄

)
(4.13)

and

m′ :=
1

2

[
(2C − F + iB)σ1 + (A− 2E + iD)σ3

]
= −m∗, (4.14)
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where the σk are Pauli matrices:

σ1 =

(
0 1
1 0

)
, σ2 =

(
0 −i
i 0

)
, σ3 =

(
1 0
0 −1

)
. (4.15)

We note that the principal part of |ρ|O has an additive separation property:

|ρ|
(

0 l′

l 0

)
=
[
γ3∆∂r + γ0

(
(∆∂t +

a

∆
∂ϕ

)]
+
[
γ1∂θ + γ2(a sin θ∂t + csc θ ∂ϕ)

]
, (4.16)

where the coefficients of the two square-bracketed operators are functions of only r, respectively
only θ. Moreover, it is possible to transform away the lower order term in O, so that exact
separation can be achieved for |ρ|O. Namely, let

χ(r, θ) :=
1

2
log(∆ρ̄ sin θ). (4.17)

It is easy to see that
m = lχ, m′ = l′χ̄. (4.18)

Let us therefore define the diagonal matrix

D := diag(e−χ, e−χ, e−χ̄, e−χ̄) (4.19)

and a new bispinor Ψ̂ related to the original Ψ by

Ψ = DΨ̂. (4.20)

Denoting the upper and lower components of a bispinor Ψ by ψ1 and ψ2 respectively, it then follows
that

(l + m)ψ1 = (l + m)(e−χψ̂1) = e−χ [l− lχ+ m] ψ̂1 = e−χlψ̂1, (4.21)

and similarly
(l′ + m′)ψ2 = e−χ̄l′ψ̂2. (4.22)

We now put it all together. We set

R := diag(ρ, ρ, ρ̄, ρ̄) (4.23)

and note that |ρ|D−∗D = R while D−∗γµD = γµ. Thus, setting Ψ = DΨ̂ in (4.149) and left-
multiplying the equation by the diagonal matrix D′ := |ρ|D−∗ we conclude that Ψ̂ solves a new
Dirac equation (

|ρ|γµ(eµ + ieÃµ) + imR
)

Ψ̂ = 0. (4.24)

Finally, let us compute the Hamiltonian form of (4.24). Let matrices Mµ be defined by

|ρ|γµeµ = Mµ∂µ. (4.25)

Thus in particular
M0 = ∆γ0 + a sin θ γ2. (4.26)

We may thus rewrite (4.24) as

M0∂tΨ̂ = −
(
Mk∂k + ie|ρ|γµÃµ + imR

)
Ψ̂, (4.27)

so that, defining

Ĥ := −i(M0)−1
(
Mk∂k + ie|ρ|γµÃµ + imR

)
, (4.28)

we can now rewrite the Dirac equation (4.24) in Hamiltonian form:

i∂tΨ̂ = ĤΨ̂. (4.29)



72 CHAPTER 4. DIRAC EQUATION ON ZERO-G KERR-NEWMAN SPACETIMES

A Hilbert space for Ĥ

In order to decide what is the correct inner product to use for the space of bispinor fields defined
on the zGKN spacetime, we pause to consider the action for the original Dirac equation (4.149),
which should be obtainable from this equation upon left-multiplying it by the conjugate bispinor
Ψ, defined as

Ψ := Ψ†γ0, (4.30)

and integrating the result on the spacetime. Note that the dagger in the above formula is the usual
notation for “conjugate-transpose”, i.e. Ψ† = Ψ∗t, and that γ0 is the zero-th Dirac gamma matrix
for the Minkowski space, defined by (??).[?] Thus, using oblate spheroidal coordinates,

S[Ψ] =

∫
dt

∫
Σt

Ψ†γ0 [γ̃µ∇µΨ + . . . ] dµΣt , (4.31)

where
dµΣt = |ρ|2 sin θdθdϕdr (4.32)

is the volume element of Σt, the spacelike t = constant slice of zGKN. It follows that the natural
inner product for bispinors on Σt needs to be

〈Ψ,Φ〉 =

∫
Σ

Ψ†γ0γ̃0ΦdµΣ =

∫ 2π

0

∫ π

0

∫ ∞
−∞

Ψ†MΦ|ρ|2 sin θdθdϕdr, (4.33)

with

M := γ0γ̃0 = γ0e0
νγ

ν =
∆

|ρ|
α0 +

a sin θ

|ρ|
α2. (4.34)

Here, α2 is the second one of the three Dirac alpha matrices in the Weyl (spinor) represenation,
viz.

αk = γ0γk =

(
σk 0
0 −σk

)
, k = 1, 2, 3; (4.35)

for notational convenience, we have also set

α0 =

(
12×2 0

0 12×2

)
(4.36)

for the 4× 4 identity matrix.
Now, let Ψ = DΨ̂ and Φ = DΦ̂, with D as in (4.19). Then we have

〈Ψ,Φ〉 =

∫ ∞
−∞

∫ 2π

0

∫ π

0
Ψ̂†M̂ Φ̂dθdϕdr, (4.37)

where

M̂ := α0 +
a sin θ

∆
α2. (4.38)

The eigenvalues of M̂ are λ± = 1± a sin θ
∆ , both of which are positive everywhere on this space with

Zipoy topology. (Note that λ− → 0 on the ring, which is not part of the space time but at its
boundary.) We may thus take the above as the definition of a positive definite inner product given
by the matrix M̂ for bispinors defined on the rectangular cylinder C := R× [0, π]× [0, 2π] (which
is the t = const. section of C) with its natural measure:

〈Ψ̂, Φ̂〉M̂ :=

∫
C

Ψ̂†M̂ Φ̂dθdϕdr. (4.39)
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An alternative way of arriving at this inner product is to define the conserved Dirac current

jµ = Ψγ̃µΨ = Ψ†γ0γ̃µΨ, (4.40)

and consider the integral of its time component j0 on the Cauchy hypersurface Σt with its induced
measure (4.32):∫

Σt

j0dµΣ =

∫ ∞
−∞

∫ 2π

0

∫ π

0
Ψ†γ0γ̃0Ψ|ρ|2 sin θdθdϕdr =

∫ ∞
−∞

∫ 2π

0

∫ π

0
Ψ̂†M̂Ψ̂dθdϕdr. (4.41)

The corresponding Hilbert space is denoted by H, thus

H :=
{

Ψ̂ : C → C4 | ‖Ψ̂‖2
M̂

:= 〈Ψ̂, Ψ̂〉M̂ <∞
}
. (4.42)

Note that H is not equivalent to standard L2(C) whose inner product has the identity matrix in
place of M̂ .

After these preparations we are now ready to state our main results.

4.0.1 Statement of the Main Theorems

Our results about the symmetry of the spectrum are valid for the Dirac Hamiltonian on a static
spacelike slice of the zero-G Kerr spacetime decorated with Sommerfeld fields of arbitrary charge
Q and current I. The essential self-adjointness, and location of essential and point spectra, are
stated only for the Dirac Hamiltonian on a static spacelike slice of the zGKN spacetime; however,
we conjecture that these results also hold for the more general Hamiltonian as long as the coupling
constant (Q− Iπa)e is sufficiently small.

In the ensuing four sections we will prove the following Theorems about Ĥ.

Symmetry of the spectrum of the Dirac Hamiltonians

We shall find an operator which anti-commutes with any self-adjoint extension of the formal Dirac
operator Ĥ on H, with the help of which we prove:

THEOREM 4.0.7. Let any self-adjoint extension of the formal Dirac operator Ĥ on H be denoted
by the same letter. Suppose E ∈ spec Ĥ. Then −E ∈ spec Ĥ.

Note that the above result holds for any self-adjoint extension of Ĥ, whatever Q and I are.

Essential self-adjointness of the Dirac Hamiltonian on zGKN

Let C∗ denote C with the ring singularity removed. By adapting an argument of Winklmeier–
Yamada [90], we shall prove:

THEOREM 4.0.8. For Q = Iπa, i.e. for zGKN, the operator Ĥ with domain C∞c (C∗,C4) is
e.s.a. in H.

The continuous spectrum of the Dirac Hamiltonians on zGKN

By adapting an argument of Weidmann [83], we shall prove:

THEOREM 4.0.9. For Q = Iπa the continuous spectrum of Ĥ on H is R \ (−m,m).
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The point spectrum of the Dirac Hamiltonian on zGKN

With the help of the Chandrasekhar–Page–Toop formalism to separate variables, and the Prüfer
transform, we will be able to control the point spectrum for the zGKN Dirac Hamiltonian:

THEOREM 4.0.10. Suppose Q = Iπa. Then, if 2m|a| < 1 and |eQ| <
√

2m|a|(1− 2m|a|), the

point spectrum of Ĥ on H is nonempty and located in (−m,m); the end points are not included.

This completes the formulation of our main results. We next turn to their proofs. The proofs
of our main theorems are distributed over four sections corresponding to the various aspects of the
spectrum, i.e. symmetry, essential self-adjointness, continuous spectrum, and point spectrum.

4.1 Proof of Theorem 4.0.7 (Symmetry of the energy spectrum)

Suppose E ∈ R is an eigenvalue of Ĥ. Then there exists Ψ̂ ∈ H such that

ĤΨ̂ = EΨ̂. (4.43)

Suppose one can find a bounded linear, or conjugate-linear, operator Ĉ : H→ H that anti-commutes
with Ĥ, i.e. [

Ĉ, Ĥ
]
+

= ĈĤ + ĤĈ = 0. (4.44)

It is then easy to see that −E must also be an eigenvalue of Ĥ, since

ĤĈΨ̂ = −ĈĤΨ̂ = −ĈEΨ̂ = −EĈΨ̂. (4.45)

This argument can be extended to show the symmetry of other parts of the spectrum. (See e.g.
Glazman [38], p. 205.)

Let K̂ : H → H denote the complex conjugation opertor K̂Ψ̂(x) = Ψ̂∗(x), and let Ŝ : H → H
denote the operator (ŜΨ̂)(x) = Ψ̂(ς(x)) where ς : Z → Z is the sheet swapping map,

ς(r, θ, ϕ) = (−r, π − θ, ϕ). (4.46)

We claim that the operator Ĉ : H→ H given (in Weyl representation) by Ĉ := γ0K̂Ŝ, viz.

(ĈΨ̂)(x) = γ0Ψ̂∗(ς(x)), (4.47)

anti-commutes with Ĥ. Note that the double-sheetedness of the underlying space plays an essential
role in the definition of this operator.

Remark 4.1.1. The operator Ĉ should not be confused with the operator C̃ given in Weyl repre-
sentation by

C̃ := iγ2K̂.

One easily checks that if Ψ̂ solves i~∂tΨ̂ = (Ĥ0+eA)Ψ̂, then C̃Ψ̂ solves i~∂t(C̃Ψ̂) = (Ĥ0−eA)(C̃Ψ̂).
In particular, if Ψ̂ is an eigen-bi-spinor of Ĥ0 + eA with eigenvalue E, then C̃Ψ̂ is an eigen-bi-
spinor of Ĥ0 − eA with eigenvalue −E (note that the two Hamiltonians here are different!). For
this reason C̃ is called the charge conjugation operator.

To prove the claim, first note that γ0 = β anti-commutes with all three αk matrices. Recall
that

Ĥ(x) = M̂−1H (4.48)
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and

H := −iα3∂r+
1

∆

(
−iα1∂θ− iα2 csc θ ∂ϕ

)
− ia

∆2
α0∂ϕ+

m

∆
γ0R+

e|ρ|
∆

(
Ã0(x)α0 + Ã2(x)α2

)
. (4.49)

Now

M̂−1 =
∆2

|ρ|2

(
α0 − a sin θ

∆
α2

)
. (4.50)

Thus, keeping in mind that α2 = −α2, we find that

ĈM̂−1 = γ0M̂−1 ◦ ςK̂Ŝ =
∆2

|ρ|2
γ0

(
α0 +

a sin θ

∆
α2

)
K̂Ŝ =

∆2

|ρ|2

(
α0 − a sin θ

∆
α2

)
γ0K̂Ŝ = M̂−1Ĉ.

(4.51)
So we only need to check that Ĉ anti-commutes with H.

It is enough to check that each term in H goes through an odd number of sign changes (either
one or three) as the three operators K̂, Ŝ, and multiplication by γ0, filter through that term.
Recalling that the potential A is anti-symmetric with respect to sheet swap: Ãµ ◦ ς = −Ãµ, this
becomes obvious for most terms in H. Only the term involving R requires some care. We first
check that R ◦ ς = −R and that γ0R = Rγ0. Then

Ĉγ0R = γ0γ0R ◦ ςK̂Ŝ = −γ0γ0RK̂Ŝ = −γ0Rγ0K̂Ŝ = −γ0RĈ, (4.52)

establishing the anti-commutation property. The proof of Theorem 4.0.7 is complete.
Before moving on to the proof of the next theorem on the list, we pause briefly to recall our

earlier discussion that showed that the physics does not change if in the zGKN electromagnetic
spacetime solution one changes a → −a, respectively changes I → −I or a → −a in its gener-
alization involving Qa → Iπa2. This suggests that the spectrum of our Dirac Hamiltonian must
be invariant under these transformations. However, recall that our co-frame is adapted to the
electromagnetic fields written as in (??), respectively (??), so that a sign change a → −a needs
to be accompanied by a sign change I → −I in order for the physics (here: the spectrum of the
Hamiltonian) to remain unchanged. We now use a variant of the strategy of proof of Theorem 4.0.7
to prove exactly this. Thus we write the Hamiltonian defined by (4.48) as Ĥ = Ĥa,I to emphasize
the dependence on the two parameters a and I.

Proposition 4.1.2. There exists an involutive isometry C : H→ H such that

CĤa,I = Ĥ−a,−IC. (4.53)

Thus, the spectral properties of the two Hamiltonians are identical.

Proof. Let T : H→ H be defined by

T Ψ̂(r, θ, ϕ) = Ψ̂(r, π − θ,−ϕ),

and let ~S denote the “classical spin operator,” in Weyl representation given by:

Sk :=

(
σk

σk

)
, k = 1, 2, 3.

It can then be readily checked from (4.48), (4.49), (4.50), and (??) that

C := S3T

will do the job.
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4.2 Proof of Theorem 4.0.8 (Essential self-adjointness (Q = Iπa))

We now show that the Dirac Hamiltonian Ĥ is essentially self-adjoint on H; recall that H is equipped
with the inner product (4.39) [?].

We observe that M0 = ∆γ0M̂ , so we may rewrite (4.28) as

Ĥ = M̂−1γ0

(
−i
∆
Mk∂k + e

|ρ|
∆
γµÃµ +

m

∆
R

)
= M̂−1H, (4.54)

where

H := M +
1

∆
N + P + Q, (4.55)

with

M := −iα3∂r (4.56)

N := −iα1∂θ − iα2 csc θ∂ϕ (4.57)

P := −i a
∆2

α0∂ϕ +
m

∆
γ0R (4.58)

Q := e
|ρ|
∆
γ0γµÃµ . (4.59)

Thus,

〈Ψ̂, ĤΦ̂〉M̂ =

∫
C

Ψ̂HΦ̂dθdϕdr. (4.60)

Evidently, H is Hermitian symmetric on the Hilbert space L2(C;C4) with its natural inner product

(Φ̂, Ψ̂) =

∫
C

Φ̂†Ψ̂dθdϕdr. (4.61)

It is furthermore easy to see that Ĥ is e.s.a. on H if and only if H is e.s.a. on L2(C;C4).

We shall prove that H is e.s.a. on L2(C;C4) when Q = Iπa, i.e. for a Dirac point electron in
zGKN.

THEOREM 4.2.1. For Q = Iπa the operator H with domain C∞c (C∗,C4) is e.s.a. in L2(C,C4).

Proof. Let us write

H = H0 + Q. (4.62)

Here, H0 is the free Hamiltonian. We will first show that H0 is essentially self-adjoint; this proof is
an easy adaptation of the method first employed by Winklmeier and Yamada [90]. We will then
conclude essential self-adjointness of H by using a perturbation argument.

To this end, let us consider the decomposition with respect to the azimuthal angle ϕ of the
Hilbert space L2(C;C4) into partial wave subspaces L2([0, π]× R, dθdr):

L2(C;C4) = ⊕κ∈Z+ 1
2

(
L2
κ([0, π]× R, dθdr)

)4
(4.63)

corresponding to the expansion of a bispinor field Ψ̂ ∈ L2(C;C4) given by

Ψ̂(r, θ, ϕ) =
∑

κ∈Z+ 1
2

eiκϕΨ̂κ(r, θ). (4.64)
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For a discussion of why κ needs to be a half-integer, see [37, 36].
Let H0

κ := H0
∣∣
L2
κ
. Then H0

κ = Sκ + ∆−1Tκ + Bκ, with

Sκ = −iα3∂r, Tκ = −iα1∂θ + α2κ csc θ =

(
tκ 0
0 −tκ

)
, Bκ =

aκ

∆2
α0 +

m

∆
γ0R. (4.65)

We note that Bκ is a symmetric bounded multiplication operator on L2
κ; in fact,

‖Bκ‖L∞ ≤ |κ/a|+m, (4.66)

so that the task of showing e.s.a.-ness of H0
κ reduces to showing e.s.a.-ness of H′κ := Sκ + ∆−1Tκ.

Now H′κ is block-diagonal:

H′κ =

(
h′κ 0
0 −h′κ

)
, h′κ := −iσ3∂r + ∆−1tκ, tκ := −iσ1∂θ + σ2κ csc θ. (4.67)

Thus it is enough to show h′κ is e.s.a. We do so by showing that ker(h′κ ± i) = {0}: Suppose

ψ̂κ ∈
(
L2
κ([0, π]× R, dθdr)

)2
satisfies

h′κψ̂κ = ±iψ̂κ. (4.68)

As observed in [90], it is possible to decompose (4.68) with respect to the eigenspaces of the operator

aκ := W tκW
−1 = −iσ2∂θ + κ csc θσ1, (4.69)

where

W :=

(
0 1
i 0

)
. (4.70)

The operator aκ has pure point spectrum and a complete set of eigenfunctions. More precisely, one
has the following result [89] (here quoted from [90]):

THEOREM 4.2.2. (Winklmeier, 2006) For all κ ∈ Z+1
2 the operator aκ with domain (C∞c ((0, π)))2

is essentially self-adjoint in (L2((0, π), dθ))2. Its closure (denoted again by aκ) is compactly invert-
ible and its spectrum consists of simple eigenvalues only, given by

λκn := sgn(n)
(
|κ| − 1

2 + |n|
)
, n ∈ Z∗ = Z \ {0}, (4.71)

with corresponding normalized eigenfunctions {gκn}n∈Z∗ forming a complete orthonormal set in
(L2((0, π), dθ))2. Moreover,

λκ−n = −λκn, gκ−n = −σ3g
κ
n. (4.72)

We can therefore write
ψ̂κ(r, θ) =

∑
n∈Z∗

ξn(r)gκn(θ), (4.73)

with functions ξn ∈ L2(R, dr). Hence, performing a similarity transform on (4.68) with W and
projecting on the spans of gκn and gκ−n we obtain the following system (see [90] for details):(

λκn
∆ i∂r
i∂r −

λκn
∆

)(
ξn
ξ−n

)
= ±i

(
ξn
ξ−n

)
(4.74)

However the operator in the above eigenvalue problem Cκ = iσ1∂r + λκn
∆ σ3 is clearly e.s.a., since λκn

∆
is bounded, hence ξn = ξ−n = 0.
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This completes the proof of essential self-adjointness of H0.

Consider now the term Q = e |ρ|∆ γ
0γµÃµ coming from the electromagnetic potential. It can be

rewritten as Q = −eQV1 − e(Q− Iπa)V2, where

V1 :=
r

∆2
α0, V2 :=

ar sin θ

∆|ρ|2
M̂. (4.75)

The first term, V1, is clearly bounded, whereas the second one, V2, blows up on the ring. However,
since by hypothesis we restrict ourselves to the case Q = Iπa, the V2 term is absent from Q, and
essential self-adjointness of H follows easily from that of H0 and the boundedness of eQV1.

The proof of Theorem 4.2.1 is complete.

For the proof the remaining statements in this paper we rely on the fact that the Dirac equation
of a point electron in zGKN separates into four (coupled) ordinary differential equations, each of
which depends on only one of the four oblate spheroidal coordinates, with the coupling being
effected through shared parameters in the equations. This is carried out in the next section before
we resume with proving our claims.

4.3 Chandrasekhar–Page–Toop separation-of-variables (Q = Iπa)

When Q = Iπa the Dirac equation (4.29) for the bispinor Ψ̂ allows a clear separation also for the
remaining r and θ derivatives (commonly referred to in the literature as “radial” and “angular”
derivatives, even though r is not a radial distance and θ is not an angle, except at infinity). Thus,
when Q = Iπa the Dirac equation (4.29) becomes

(R̂+ Â)Ψ̂ = 0, (4.76)

where

R̂ :=


imr 0 D− + ieQ r

$ 0
0 imr 0 D+ + ieQ r

$
D+ + ieQ r

$ 0 imr 0
0 D− + ieQ r

$ 0 imr

 , (4.77)

Â :=


−ma cos θ 0 0 −L−

0 −ma cos θ −L+ 0
0 L− ma cos θ 0
L+ 0 0 ma cos θ

 , (4.78)

where D± and L± have been given in (4.12). Once a solution Ψ̂ to (4.76) is found, the bispinor
Ψ := DΨ̂ solves the original Dirac equation (4.149).

The Chandrasekhar Ansatz

Assume now that a solution Ψ̂ of (4.76) is of the form

Ψ̂ = e−i(Et−κϕ)


R1S1

R2S2

R2S1

R1S2

 , (4.79)
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with Rk being complex-valued functions of r alone, and Sk real-valued functions of θ alone. Let

~R :=

(
R1

R2

)
, ~S :=

(
S1

S2

)
. (4.80)

Plugging the Chandrasekhar Ansatz (4.79) into (4.76) one easily finds that there must be λ ∈ C
such that

Trad ~R = E ~R, (4.81)

Tang ~S = λ~S, (4.82)

where

Trad :=

(
d− −m r

∆ − i
λ
∆

−m r
∆ + i λ∆ −d+

)
(4.83)

Tang :=

(
−ma cos θ −l−

l+ ma cos θ

)
(4.84)

The operators d± and l± are now ordinary differential operators in r and θ respectively, with
coefficients that depend on the unknown E, and parameters a, κ, and eQ:

d± := i
d

dr
± −aκ+ eQr

∆2
(4.85)

l± :=
d

dθ
∓ (aE sin θ − κ csc θ) (4.86)

The angular operator Tang in (4.82) is easily seen to be essentially self-adjoint on (C∞c ((0, π), sin θdθ))2

and in fact is self-adjoint on its domain inside (L2((0, π), sin θdθ))2 (e.g. [75, 7]) with purely point
spectrum λ = λn(am, aE, κ), n ∈ Z \ 0. Thus in particular λ ∈ R. It then follows that the radial
operator Trad is also essentially self-adjoint on (C∞c (R, dr))2 and in fact self-adjoint on its domain
inside (L2(R, dr))2.

Suppose ~R = (R1, R2)T ∈ (L2(R))2 is a nontrivial solution to Trad ~R = E ~R, with E ∈ R. Then

dR1

dr
− i
(
E − aκ− eQr

∆2

)
R1 +

1

∆
(imr − λ)R2 = 0

−dR2

dr
− i
(
E − aκ− eQr

∆2

)
R2 +

1

∆
(imr + λ)R1 = 0.

Multiply the first equation by R̄1 and the second equation by R̄2, add them and take the real part,
to obtain

d

dr

(
|R1|2 − |R2|2

)
= 0. (4.87)

Thus the difference of the moduli squared of R1 and R2 is constant, hence zero since they need to
be integrable at infinity. I.e.,

|R1| = |R2| := R. (4.88)

Let Rj = ReiΦj for j = 1, 2. Multiply the first equation by R̄2, multiply the complex conjugate of
the second equation by R1, and add them to obtain

d

dr

(
R1

R̄2

)
= 0. (4.89)
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Thus the ratio R1/R̄2, and hence the sum of the arguments Φ1 + Φ2 must be a constant, say δ.
Thus R1 = R̄2e

iδ. Since multiplication by a constant phase factor is a gauge transformation for
Dirac bispinors, we can replace Ψ̂ with Ψ̂′ = e−iδ/2Ψ̂ without changing anything. The spinor thus
obtained has the same form as (4.79), now with R′1 = R̄′2. Thus without loss of generality we can
assume δ = 0 and R1 = R̄2.

This motivates us to set

R1 =
1√
2

(v − iu), R2 =
1√
2

(v + iu) (4.90)

for real funcions u and v. Consider the unitary matrix

U :=
1√
2

(
−i 1
i 1

)
. (4.91)

A change of basis using U brings the radial system (4.81) into the following standard (Hamiltonian)
form

(Hrad − E)

(
u
v

)
=

(
0
0

)
, (4.92)

where

Hrad :=

 m r
∆ + γr+aκ

∆2 −∂r + λ
∆

∂r + λ
∆ −m r

∆ + γr+aκ
∆2

 , (4.93)

(cf. [80], eq (7.105)) with
γ := −eQ < 0. (4.94)

4.4 Proof of Theorem 4.0.9 (Continuous spectrum of Ĥ on zGKN)

Following Weidmann [83] we now prove the theorem about the continuous spectrum of Ĥ. Recall
the partial wave decomposition (4.63). Let Ĥκ denote the restriction of Ĥ to L2

κ. The Chan-
drasekhar separation (4.79) and equation (4.81) yield that the spectrum of Ĥκ coincides with that
of Trad, which coincides with that of Hrad since these last two are unitarily equivalent. Further-
more, the spectrum of Ĥ equals the union of the spectra of Ĥκ. Thus in order to prove the claim
about the essential spectrum, it suffices to show that it holds for Hrad regardless of the values of
κ and λ.

Since Hrad is a radial Dirac operator, one can then use results that are particular to one
dimension. One such result is due to Weidmann [83]:

THEOREM. Let P and J be matrices such that Hrad = J∂r + P . Suppose P can be written as
P1 + P2 in such a way that each component of P1 is integrable in [R,∞) for some R > 0, P2 is of
bounded variation on [R,∞) and

lim
r→∞

P (r) =

(
a 0
0 b

)
, a > b.

Then each self-adjoint extension of h has a purely absolutely continuous spectrum in (−∞, b] ∪
[a,∞).

Using this result, our claim follows by noticing that the hypotheses on P are satisfied, and

lim
r→∞

P (r) =

(
m 0
0 −m

)
.

Proof of Theorem 4.0.9 is complete.
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4.5 Proof of Theorem 4.0.10 (Point spectrum of Ĥ on zGKN)

By the remarks at the beginning of Section 4.4, we are interested in the eigenvalues E and square-
integrable eigenfunctions in L2(R, dr)2 of the operator Hrnad. One complication is that in our case
the radial Hamiltonian Hrad depends on the unknown eigenvalues λ of the angular operator Tang in
(4.82), which in turn depend on the energy E. Since the angular operator is the same as the one on
Kerr and Kerr-Newman spacetime studied in [75, 7], and since it is known that for a given value of
E there is a largest negative eigenvalue λ = Λ(E), our strategy is to show the existence, for a given
value of λ < 0, of a smallest positive eigenvalue E = E(λ) for Hrad, and then set up an iteration
that converges to a pair (E, λ) for which the radial (4.81) and the angular (4.82) equations jointly
have L2 solutions, thereby establishing the existence of a “positive-energy eigenstate” for the full
Dirac Hamiltonian; note that by the symmetry of the spectrum there also exists a “negative-energy
eigenstate.”

4.5.1 The Prüfer transform

Consider the equations (4.92) and (4.82) for unknowns (u, v) and (S1, S2). Let us define new
unknowns (R,Ω) and (S,Θ) via the Prüfer transform [66]

u =
√

2R cos
Ω

2
, v =

√
2R sin

Ω

2
, S1 = S cos

Θ

2
, S2 = S sin

Θ

2
. (4.95)

Thus

R =
1

2

√
u2 + v2, Ω = 2 tan−1 v

u
, S =

√
S2

1 + S2
2 , Θ = 2 tan−1 S2

S1
. (4.96)

As a result, R1 = −iReiΩ/2 and R2 = iRe−iΩ/2. Hence Ψ̂ can be re-expressed in terms of the
Prüfer variables, thus

Ψ̂(t, r, θ, ϕ) = R(r)S(θ)e−i(Et−κϕ)


−i cos(Θ(θ)/2)e+iΩ(r)/2

+i sin(Θ(θ)/2)e−iΩ(r)/2

+i cos(Θ(θ)/2)e−iΩ(r)/2

−i sin(Θ(θ)/2)e+iΩ(r)/2

 , (4.97)

and we obtain the following equations for the new unknowns

d

dr
Ω = 2

mr

∆
cos Ω + 2

λ

∆
sin Ω + 2

aκ+ γr

∆2
− 2E, (4.98)

d

dr
lnR =

mr

∆
sin Ω− λ

∆
cos Ω. (4.99)

Similarly,

d

dθ
Θ = −2ma cos θ cos Θ + 2

(
aE sin θ − κ

sin θ

)
sin Θ + 2λ, (4.100)

d

dθ
lnS = −ma cos θ sin Θ−

(
aE sin θ − κ

sin θ

)
cos Θ. (4.101)

To simplify the analysis of these systems and reduce the number of parameters involved, we will
henceforth set m = 1. Note that this is always possible by defining the constants a′ = ma,
E′ = E/m, and a change of variable r′ = mr.
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Remark 4.5.1. Equations (4.98)–(4.101) have certain symmetries that are connected with the action
of operators Ĉ and C̃ introduced in Section 4.1: It is easy to see that these four equations are
preserved under each of the following two transformations:

r → −r, θ → π − θ, λ→ −λ, κ→ −κ, E → −E, (4.102)

and
Ω→ π − Ω, Θ→ π −Θ, λ→ −λ, κ→ −κ, E → −E, γ → −γ. (4.103)

The map (4.102) corresponds to the action of Ĉ and the map (4.103) to the action of C̃. Note that
the latter does not preserve the Hamiltonian, since the sign of γ = −eQ is changed.

4.5.2 The realm of L2 solutions

We note that in both of the above systems (4.98,4.99) and (4.100,4.101), when a solution to the
first equation is known, the second equation in the system can be solved by quadrature. Moreover,
the requirement that R and S be L2 functions of their argument determines what boundary values
the solutions to the Ω and Θ equations should have. More precisely,

Proposition 4.5.2. Any bispinor Ψ̂ of the form (4.97) constructed from solutions of (4.98), (4.99),
(4.100), (4.101), with |κ| ≥ 1

2 , E > 0 and λ < 0, belongs to the Hilbert space H provided

lim
r→−∞

Ω(r) = −π + cos−1(E), lim
r→∞

Ω(r) = − cos−1(E), (4.104)

and
Θ(0) = 0, Θ(π) = −π. (4.105)

Proof. It is straightforward to compute that for a Ψ̂ of the form (4.97),

‖Ψ̂‖2
M̂

= 2

∫ 2π

0

∫ π

0

∫ ∞
−∞

R2(r)S2(θ)

(
1 +

a sin θ

∆
sin Θ(θ) sin Ω(r)

)
drdθdϕ

= 4π

[∫ ∞
−∞

R2dr

∫ π

0
S2dθ + a

∫ ∞
−∞

R2 sin Ω
dr

∆

∫ π

0
S2 sin Θ sin θdθ

]
≤ 8π‖R‖2L2‖S‖2L2 ,

and thus Ψ̂ ∈ H provided R ∈ L2(R, dr) and S ∈ L2((0, π), dθ).
Now (4.100) can be written as a smooth dynamical system in the (θ,Θ) plane by introducing

a new independent variable τ such that dθ
dτ = sin θ. Then, with dot representing differentiation in

τ , we have, {
θ̇ = sin θ

Θ̇ = −2a sin θ cos θ cos Θ + 2aE sin2 θ sin Θ− 2κ sin Θ + 2λ sin θ
(4.106)

Identifying the line Θ = π with Θ = −π, this becomes a dynamical system on a closed finite cylinder
C1 = [0, π]× S1. The only equilibrium points of the flow are on the two circular boundaries: Two
on the left boundary: S− = (0, 0), N− = (0, π); two on the right: S+ = (π,−π) and N+ = (π, 0).

For κ > 0, the linearization of the flow at the equilibrium points reveals that S− and S+

are hyperbolic saddle points (with eigenvalues {1,−2κ} and {−1, 2κ} respectively), while N− is a
source node (with eigenvalues 1 and 2κ) and N+ is a sink node (with eigenvalues −1 and −2κ).
Note that the situation with κ < 0 is entirely analogous, with the critical points switching their
roles. For the remainder of this section therefore, we will assume κ > 0.
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The α-limit set of the orbit of any point in the interior of the cylinder must necessarily be either
S− or N−, and likewise its ω-limit set can only be either N+ or S+. The only possible boundary
values for Θ(θ) are therefore 0 and ±π at each endpoint of the interval 0 ≤ θ ≤ π.

The boundary values (4.105) correspond to a heteroclinic orbit connecting the two saddles S−
and S+. Suppose such a saddles connection exists. Since the eigendirection corresponding to the
unstable manifold of S− is v1 = (κ + 1

2 , λ − a)T and the stable manifold of S+ has the same
eigendirection, it follows that for the said saddles connection, we have

dΘ

dθ |θ=0

=
dΘ

dθ |θ=π
=
λ− a
κ+ 1

2

=: δ < 0. (4.107)

Thus Θ = δθ+o(1) as θ → 0 and Θ = −π+ δ(θ−π)+o(1) as θ → π. Consider now the S equation
(4.101). By the above,

d

dθ
lnS =

{
κ
θ + o(1) as θ → 0
κ
θ−π + o(1) as θ → π

(4.108)

Integrating in θ we thereby conclude that S ∼ |θ|κ for θ small and S ∼ |π − θ|κ for θ near π.
Therefore S is integrable on (0, π) and indeed it belongs to Lp((0, π), dθ) for any p ≥ 1.

In an analogous manner one shows that S 6∈ L2 when Θ takes boundary values corresponding
to either of the nodes N− or N+.

Consider next the Ω equation (4.98). It can also be rewritten as a smooth dynamical system
on a cylinder, in this case by setting τ := r

a as new independent variable, as well as introducing a
new dependent variable

ξ := tan−1 r

a
= tan−1 τ (4.109)

Then, with dot again representing differentiation in τ , (4.98) is equivalent to{
ξ̇ = cos2 ξ

Ω̇ = 2a sin ξ cos Ω + 2λ cos ξ sin Ω + 2γ sin ξ cos ξ + 2κ cos2 ξ − 2aE
(4.110)

Once again, identifying Ω = −π with Ω = π turns this into a smooth flow on the closed finite
cylinder C2 := [−π

2 ,
π
2 ] × S1. The only equilibrium points of the flow are on the two circular

boundaries. For E ∈ [0, 1) there are two equilibria on each: S− = (−π
2 ,−π + cos−1E) and

N− = (−π
2 , π − cos−1E) on the left boundary, and S+ = (π2 ,− cos−1E) and N+ = (π2 , cos−1E)

on the right boundary. S∓ are non-hyperbolic (degenerate) saddle-nodes, with eigenvalues 0 and
±2a
√

1− E2, while N− is a degenerate source-node and N+ a degenerate sink-node [?].

The boundary values (4.104) correspond to a heteroclinic orbit connecting S− and S+. Suppose
such a saddles connection exists, and consider the R equation (4.99). As r → ±∞, we will then
have

d

dr
lnR ∼ −sgn(r)

√
1− E2 (4.111)

so that integrating in r we will obtain

R(r) ∼ e−|r|
√

1−E2
as r → ±∞ (4.112)

which ensures that R is integrable at infinity. Since the right-hand-side of the R equation is smooth
in Ω and r, and Ω itself is smooth, it follows that R ∈ Lp(R, dr) for all p ≥ 1.

In an analogous manner one shows that R 6∈ L2 when Ω takes boundary values corresponding
to either of the nodes N− or N+.
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4.5.3 Existence of heteroclinic orbits connecting the two saddles

From the proof of Proposition 4.5.2 it is evident that in order to establish the existence of an
eigenfunction for the Dirac Hamiltonian of a point electron in the zGKN spacetime, we need to
show that there exists a pair (E, λ) such that both dynamical systems (4.106) and (4.110) have
a saddle-saddle connecting orbit for those values of E and λ. We call this type of orbit a saddles
connector for the corresponding flow. We pave the road for our proof by recalling some general
facts of flow on a cylinder.

Flow on a finite cylinder

Let C := [x−, x+] × S1 be a finite cylinder. We denote its universal cover by C̄ := [x−, x+] × R,

with coordinates (x, y), and fix a fundamental domain C̃ := [x−, x+] × [−π, π) in C̄. Consider the
flow Φt on C̄ given by the dynamical system{

ẋ = f(x)
ẏ = g(x, y)

(4.113)

where the dot represents differentiation with respect to a formal “time” parameter τ , the functions
f and g are smooth, and g is 2π-periodic in y: g(x, y) = g(x, y+ 2π). Let us moreover assume that
f satisfies

f(x−) = f(x+) = 0, f(x) > 0 ∀ x ∈ (x−, x+) (4.114)

while g satisfies

g(x−, y) = 0 =⇒ y ∈ {n−, s−}, g(x+, y) = 0 =⇒ y ∈ {n+, s+} (4.115)

where −π ≤ s− < n− ≤ π and −π ≤ s+ < n+ ≤ π. These assumptions imply that the following
four distinct points in C are equilibrium points for the flow:

N± := (x±, n±), S± := (x±, s±). (4.116)

We shall further assume that the flow does not have any non-wandering points other than the
above four equilibria.

The following assumptions fix the character of the four equilibrium points:

f ′(x−) ≥ 0, f ′(x+) ≤ 0, f ′′(x±) 6= 0 (4.117)

(where by f ′(x±) we mean the left derivate at x+ and the right derivative at x−), and

Dyg(x−, n−) > 0, Dyg(x−, s−) < 0, Dyg(x+, n+) < 0, Dyg(x+, s+) > 0, (4.118)

where Dyg is the y-derivative of g(x, y). Thus N− is a (source) node, N+ a (sink) node, and S± are
saddle points. These will be hyperbolic if f ′(x±) 6= 0, and non-hyperbolic (degenerate) otherwise.

Later on, in order to have a well-defined notion of index for certain distinguished orbits on C,
we will also assume that the locations of the equilibria on the boundary of the cylinder are not
arbitrary, but are subject to the single condition

s− − n− = n+ − s+ (mod 2π) (4.119)

(This is a condition on g(x, y). Although we will not pursue this approach here, under this condition
(4.113) can be viewed as a flow with two equilibrium points on a 2-torus.)
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For a point p ∈ C, let O(p) denote the flow orbit through p. Since C is compact, all orbits are
complete, meaning they exist for all s ∈ R, and since the flow is autonomous, two orbits are either
disjoint or they coincide. The orbit of an equilibrium point consists of only one point, namely the
equilibrium itself. The ω-limit of any other orbit in C can be either N+ or S+, and the α-limit
likewise can only be either N− or S−. All these facts are easy consequences of the existence and
uniqueness theorem for ODEs.

Connecting orbits and corridors

Given a flow on C as in the above, there are two distinguished orbits in the interior of the cylinder:
Let W− denote the unique orbit of the flow whose α-limit point is the saddle S−, and let W+

denote the unique orbit whose ω-limit point is the saddle S+. In the hyperbolic case (f ′(x±) 6= 0)
the uniqueness is immediate because W− is the unstable manifold of S− and W+ is the stable
manifold of S+. In the non-hyperbolic case f ′(x±) = 0 the orbits W± are center manifolds for the
corresponding saddle-nodes S±. Recall that center manifolds may be non-unique, but in our case
the uniqueness is assured because the equilibrium points are on the boundary of the domain, so
the relevant part of the center manifolds are on the “saddle side” of the equilibrium, and not on
the “node side” (see Figure 4.1). If W+ and W− intersect, they must coincide, and the resulting

Figure 4.1: Flow near a saddle-node. The node part lies outside of the domain of concern.

orbit will connect the two saddle points, i.e. it will be the saddles connector we are after. Let us
therefore assume that they are disjoint. The ω-limit of W− must then necessarily be N+, and the
α-limit of W+ must be N−.

On the other hand the assumptions we have made about the flow imply that there are also two
orbits of the flow on the left boundary of the cylinder connecting N− with S−, call them (N−S−)±,
with + denoting the counterclockwise one (when viewed from a point on the cylinder’s axis and to
the left of the cylinder), and similarly two joining S+ with N+, called (S+N+)±. Consider therefore
the following collection of six heteroclinic orbits

H := {(N−S−)±,W±, (S+N+)±}. (4.120)

The cylinder C is divided into two invariant regions K1 and K2, called corridors, by these orbits:
C = K1 ∪ H ∪ K2. We would like to distinguish one of these two corridors. We do so as follows:
Consider the lifting of the flow to the universal cover C̄. Let S̃− denote the unique copy of the
node S− that lies in the fundamental domain C̃, and let W̃− be the unique orbit in C̄ whose α-limit
point is S̃−. The ω-limit point of this orbit is thus some copy of the node N+, call itN̄+, which
has coordinates (x+, n+− 2πk+) for some k+ ∈ Z. Similarly, let S̃+ denote the unique point in the

preimage of S+ under the covering map that lies in the fundamental domain C̃ and let W̃+ denote
the unique orbit whose ω-limit point is this S̃+. Let N̄− = (x−, n−+ 2πk−), k− ∈ Z be the α-limit
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point of W̃+. By definition the corridor K1 is the open domain in C̄ whose boundary contains the
two orbits W̃− and W̃+.

We note that in C̄ only one of the two corridors will have both of these orbits on its boundary,
so this is the distinguishing feature of K1.

We orient the boundary of K1 (which is a closed simple curve) in such a way that the orientation

induced on W̃− coincides with the direction of the flow on that orbit.

S− N−

N+

S+

K1

S̃−

S̃+

N̄−

N̄+

Ñ+

Ñ−

0

−π

π

W−

W+

K1

Figure 4.2: The corridor K1 in C and in C̄.

Furthermore, in the universal cover C̄, using the well-orderedness of R it is possible to speak of
W̃+ as being situated “above” or “below” W̃−. It is evident that the boundary of the corridor K1

is oriented clockwise if W̃+ is below W̃−, and counterclockwise if it is the other way around. see
Figure 4.2.

Parameter-dependent flows

Suppose that the function g in (4.113) depends smoothly on a parameter µ ∈ I where I is an open
interval in R (It’s enough for the µ-dependence to be C1). Thus the flow is now{

ẋ = f(x)
ẏ = gµ(x, y).

(4.121)

By the implicit function theorem, the locations of the equilibria S±, N± also depend –in a C1

fashion– on µ, so long as the non-degeneracy conditions (4.118) are satisfied.
We need to make certain assumptions about the µ-dependence of the flow regarding its mono-

tonicity, and the topology of its nullclines:

Monotonicity

We will only consider parameter-dependent flows for which the function gµ(x, y) is monotone non-
increasing in µ.
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Assumption (M): For all (x, y) ∈ C̄, we have

∂

∂µ
gµ(x, y) ≤ 0. (4.122)

This assumption in particular implies a corresponding monotonicity for the distinguished orbits
of the flow (4.121):

Lemma 4.5.3. Let W̃±µ = {(x(τ), y±µ (τ)}τ∈R be the distinguished orbits of (4.121). Then y±µ are
monotone in µ, i.e.

µ1 < µ2 =⇒ y−µ1
(τ) ≥ y−µ2

(τ), y+
µ1

(τ) ≤ y+
µ2

(τ)for all τ ∈ R. (4.123)

Proof. Let

z(τ) :=
∂

∂µ
y−µ (τ).

Then z satisfies the ODE

ż =
∂gµ
∂y

(x, y)z +
∂gµ
∂µ

(x, y). (4.124)

By the Implicit Function Theorem and the hypotheses above,

z(−∞) =
ds−(µ)

dµ
= − ∂g/∂y

∂g/∂µ

∣∣∣∣
x=x−,y=s−

< 0

and

ż − ∂gµ
∂y

(x, y)z ≤ 0. (4.125)

Let

U(τ0, τ) := exp

(
−
∫ τ

τ0

∂gµ
∂y

(x(τ ′), y(τ ′))dτ ′
)
≥ 0.

Integrating (4.125) on [τ0, τ ] we then obtain

U(τ0, τ)z(τ) ≤ z(τ0),

and taking the limit τ0 → −∞ we conclude z(τ) ≤ 0 for all τ ∈ R. Therefore y−µ is monotone
non-increasing in µ. The proof of monotonicity of y+

µ is completely analogous.

Topology of nullclines

Consider the subset of the cylinder C defined by

Γ := {(x, y) ∈ C | gµ(x, y) = 0}. (4.126)

Thus Γ is the zero level-set of gµ. Since gµ is smooth, Γ is a curve (or collection of curves) in
C. These curves are referred to as the y-nullclines of the flow (4.113). They have the property
that any orbit of the flow that crosses them must have a horizontal tangent at the crossing point.
Moreover, Γ divides C into two regions, thus C = Γ ∪N ∪ P, where

N := {(x, y) ∈ C | gµ(x, y) < 0}, P := {(x, y) | gµ(x, y) > 0}. (4.127)

Thus the y coordinate of (the lift to the universal cover of) any orbit must decrease in N and must
increase in P.
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Evidently, Γ must include all the singular points of the flow: S± ∈ Γ, N± ∈ Γ.

It may happen that as µ crosses a critical value µc ∈ I, the topology of the nullclines undergoes
a dramatic change. This is indeed the case for the flows that we are studying in this paper. We
introduce an assumption that amounts to having some control on this change in nullcline topology:

Assumption (A): There exists a µc ∈ I such that Γ, the zero level-set of gµc has a saddle
point at some interior point of C. In particular, for µ < µc, the sets N and P are both connected,
and Γ is the union of two disjoint curves Γ = Γu ∪ Γd, with N−, S+ ∈ Γd and S−, N+ ∈ Γu. On
the other hand for µ > µc, N is connected, while P has two connected components Pl and Pr,
each being a convex subset of C. Moreover, Γ is the union of two disjoint curves Γ = Γl ∪ Γr, with
N−, S− ∈ Γl and S+, N+ ∈ Γr; see Figure 4.3.

Γu

ΓdS̃−

N̄−

N̄+

S̃+

P
N

N

Γl

Γr
Pr

Pl

N

S̃−

S̃+

Ñ+

N̄+

N̄−

Ñ−

N

Figure 4.3: Change in the topology of nullclines: µ < µc (left) and µ > µc (right).

Winding number of orbits and corridors

Assuming (4.119), let

w0 :=
s+ − n−

2π
=
n+ − s−

2π
. (4.128)

Given any orbit O = {(xo(τ), yo(τ)) | τ ∈ R} of the flow (4.113), the following quantity is well-
defined:

w(O) = w0 −
1

2π
(yo(∞)− yo(−∞)) = w0 −

1

2π

∫ ∞
−∞

gµ(xo(τ), yo(τ))dτ (4.129)

In particular for the two distinguished orbits W̃± this is easily calculated to be

w(W̃−) = w0−
1

2π
(n+−2πk+−s−) = k+ w(W̃+) = w0−

1

2π

(
s+ − (n− + 2πk−)

)
= k− (4.130)

and is therefore an integer. We call these the winding numbers, of W− and W+, respectively.

On the other hand it is easy to see that these two must in fact be equal. The reason is that, since
W̃− goes from S̃− = (x−, s−) to N̄+ = (x+, n+ − 2πk+), there are two copies of it in the universal
cover that go from (x−, s− + 2πk+) to (x+, n+) and from (x−, s− + 2π(k+ − 1)) to (x+, n+ − 2π).

Since n+ − 2π < s+ < n+, these two copies of W̃− must sandwich any orbit that goes into S̃+, in

particular W̃+. Thus the α-limit point of W̃+ has to be (x−, n− + 2πk+), and therefore k+ = k−.

Definition 4.5.4. The winding number of the corridor K1 is the common value of the winding
numbers of W̃±.

Figure 4.3 shows a corridor of winding number zero when µ < µc (left) and one of winding
number equal to one for µ > µc (right).
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Continuity argument for existence of saddles connectors

As the parameter µ varies, the two distinguished orbits W̃±, and hence the corridor K1 that they
form will also vary. Let K1(µ) denote the corresponding corridor for parameter value µ (if it exists).
Since the winding number w(K1(µ)) is integer-valued, if K1 varies continuously with respect to µ,
its winding number would have to remain constant. It is however possible that for some value of µ
the two orbits W̃± coincide and the corridor K1(µ) disappears, leaving a saddles connector behind
(for which the winding number will not be an integer). We would like to show that this is the only
way for the winding number of K1(µ) to be different for two different values of the parameter µ.
In other words:

Proposition 4.5.5. Suppose there exist two values µ0 < µ1 in the interval I for each of which a
non-empty corridor K1 of finite winding number exists, and such that

w(K1(µ0)) ≤ 0 and w(K1(µ1)) ≥ 1. (4.131)

Then there exists µs ∈ (µ0, µ1) such that the flow (4.121) with µ = µs has a saddles connector

S(µs), whose lift to the universal cover C̄ connects the saddle-node S̃− to the saddle-node S̃+.

Proof. Let a(µ) denote the signed area of K1(µ), defined via Green’s theorem:

a(µ) =

∮
∂K1(µ)

(−y)dx =

∫ x+

x−

(
y+
µ − y−µ

)
dx. (4.132)

Here y±µ are the y-components of the orbits W̃±, thought of as functions of x (which is always
possible since x(τ) is a monotone increasing function of flow parameter τ .) The following facts
about a(µ) are easily verified:

1. a(µ) > 0 if and only if w(K1(µ)) ≥ 1.

Proof: Since W̃+ and W̃− cannot intersect without coinciding, it is clear from (4.132) that

a(µ) > 0 if and only if W̃+ is above W̃−, which is equivalent to S̃+ = (x+, s+) being above
N̄+ = (x+, n+ − 2πk) where k = w(K1(µ)). Since n+ > s+ we must have k ≥ 1.

2. a(µ) < 0 if and only if w(K1(µ)) ≤ 0.

Proof: Similar to above.

3. a(µ) = 0 if and only if K1(µ) = ∅.
Proof: From the definition (4.132) it is clear that the only way for a(µ) to be zero is for the

two orbits W̃+ and W̃− to coincide.

4. a(µ) is a continuous function of µ for all µ ∈ [µ0, µ1].

Proof: Let ε > 0 be given. For µ, µ′ ∈ [µ0, µ1] and ξ > 0 small enough, we have

|a(µ′)− a(µ)| =

∣∣∣∣∫ x+

x−

(
y+
µ′ − y

+
µ

)
−
(
y−µ′ − y

−
µ

)
dx

∣∣∣∣
≤

∫ x−+ξ

x−
|y+
µ′ |+ |y

+
µ |dx+

∫ x+−ξ

x−+ξ

∣∣∣y+
µ′ − y

+
µ

∣∣∣ dx+

∫ x+

x+−ξ
|y+
µ′ |+ |y

+
µ |dx

+

∫ x−+ξ

x−
|y−µ′ |+ |y

−
µ |dx+

∫ x+−ξ

x−+ξ

∣∣∣y−µ′ − y−µ ∣∣∣ dx+

∫ x+

x+−ξ
|y−µ′ |+ |y

−
µ |dx

= I + II + III + IV + V + VI.
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By Lemma 4.5.3 the functions y±µ are monotone in µ, thus for all τ ∈ R we have

|y±µ (τ)| ≤ max{|y±µ0
(τ)|, |y±µ1

(τ)|}

Thus is particular, using the continuity of orbits of (4.121) in the flow parameter τ , for x near
the boundary points x± and all µ ∈ [µ0, µ1] we have |y±µ (x)| ≤ C, where C > 0 is a constant
depending only on y±µ0

(x±) and y±µ1
(x±), or in other words, on the finite winding numbers of

the corridors K1(µ0) and K1(µ1). Thus, given ε, we may choose ξ small enough (depending
on ε) such that I, III, IV and VI are all less than ε/6.

Fixing ξ in this way, by continuous dependence of orbits of the flow (4.121) on the parameter µ
(and since we are on a compact interval in the flow parameter τ), it is possible for δ > 0 to be
chosen small enough (depending on ε and ξ,) such that |µ′−µ| < δ implies |y+

µ′(x)−y+
µ (x)| <

(x+ − x−)−1ε/6 for all x ∈ [x− + ξ, x+ − ξ]. Therefore II < ε/6. Similarly, V < ε/6 as well,
and we are done.

Having established the above properties for the signed area a(µ), the standard continuity ar-
gument can now be applied: By assumption we have a(µ0) < 0 and a(µ1) > 0. Thus by the
Intermediate Value Theorem there exists µs ∈ (µ0, µ1) such that a(µs) = 0, which is equivalent
to the existence of a connector. Since the corridors K1(µ) by definition always have S̃± on their
boundary, the saddles connector also has to go from S̃− to S̃+.

We will use this proposition to establish the existence of saddles connectors for both the Θ
(4.106) and the Ω (4.110) equations. In each case we need to show that the flow satisfies the
assumptions we have made in this subsection about the flow on a cylinder (4.121).

Existence of saddles connectors for the Θ equation

For simplicity we are only going to consider the case κ = 1
2 . To see that (4.106) is a flow on a

cylinder of the type we have considered in the above, we make the following identifications: x = θ,
y = Θ, x− = 0, x+ = π. We have

f(θ) = sin θ, g(θ,Θ) = −2a sin θ cos θ cos Θ +
(
2aE sin2 θ − 1

)
sin Θ + 2λ sin θ.

Therefore, the equilibria are at

S− = (0, 0), N− = (0, π) S+ = (π,−π), N+ = (π, 0);

all of these are hyperbolic. Condition (4.119) is clearly satisfied: s− − n− = −π and n+ − s+ = π.

Here we make a note of the fact, easily verified, that the Θ flow (4.106) possesses a discrete
symmetry: Let O = (θ(τ),Θ(τ)) be any orbit of the flow (4.106). Then O′ = (π−θ(−t), π−Θ(−t))
is also an orbit of (4.106). This is simply due to the fact that

f(θ) = f(π − θ), g(θ,Θ) = g(π − θ, π −Θ).

This symmetry will prove useful in constructing corridors of given winding number for the flow.
Next we check that the assumptions we made in the previous subsection about the topology of
nullclines hold in the case of (4.106).
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Topology of the nullclines

Let T := tan(Θ/2). Then,

gE,λ(θ,Θ) =
1

1 + T 2

(
2 sin θ(λ− a cos θ)T 2 + 2(2aE sin2 θ − 1)T + 2 sin θ(λ+ a cos θ)

)
=:

q(T )

1 + T 2

where q is a quadratic polynomial in T , whose discriminant we calculate to be

∆q := (2aE sin2 θ − 1)2 − 4λ2 sin2 θ + 4a2 sin2 θ cos2 θ.

Setting τ := − cot θ we thus obtain

∆q =
δq(τ)

(1 + τ2)2
, δq(τ) = τ4 + 2(1− 2aE + 2a2 − 2λ2)τ2 + (1− 2aE)2 − 4λ2

Therefore δq is a quartic polynomial which is quadratic in s = τ2. The discriminant of δq(s) is

∆δq = λ4 + 2a(E − a)λ2 + a2(a2 − 2aE + 1) = (λ2 + a(E − a))2 + a2(1− E2)

which is always positive. Thus δq(s) = 0 will always have two roots, which will be of opposite signs
if |λ| ≥ 1

2 − aE. In that case there exists s1 = τ2
1 > 0 such that ∆q(±τ1) = 0, and ∆q(τ) < 0

for τ ∈ (−τ1, τ1). It follows that the quadratic equation q(T ) = 0 will have two roots so long as
|t| > τ1, it will have repeated roots when t = ±τ1, and no roots when |t| < τ1.

If on the other hand |λ| < 1
2−aE ≤

1
2 then s1 and s2, the roots of δq(s) = 0, will be of the same

sign. Since the sum of these roots will be 4(λ2− a2− (1
2 − aE)) it is easy to see that s1 and s2 will

both be negative, thus they will not correspond to real values of τ = ±
√
s. Therefore ∆q > 0 and

hence q(T ) = 0 will always have two roots. Thus the critical value of the parameter λ (thinking of
the other parameters a and E as given and fixed) is

λc := −1

2
+ aE.

Now any zero of q will be a zero of g, and thus will give us a point on the nullcline Γ. In
addition, g may also have a zero at Θ = 0 or ±π, where T = ±∞. For g to be zero there we need
the coefficient of T 2 in q to vanish, i.e. either sin θ = 0, which will give us the equilibrium points,
or cos θ = λ/a which is impossible so long as

λ < −a.

Under this condition therefore, the nullclines have the topology we assumed in the previous sub-
section, with λ playing the role of the parameter µ, i.e., given a ∈ (0, 1

2), E ∈ [0, 1], λ ∈ (−∞,−a)
and λc as in the above, the topology of Θ-nullclines for the flow (4.106) changes across λ = λc
in the manner described in assumption (A). Figure 4.4 shows Maple plots of the Θ-nullclines for
values of λ below and above the critical value.

Explicit solutions of the Θ equation

One easily verifies that given a ∈ [0, 1
2), there is an explicit solution of (4.100) (with κ = 1

2), for
E = 1 and λ = −1 + a, namely

Θ0(θ) = −θ.

This furthermore generates a saddles connector for (4.106): S0 := (θ0(τ),Θ0(θ0(τ)) where θ0(τ) is
the unique solution to the ODE θ̇ = sin θ with θ(−∞) = 0 and θ(∞) = π.

This solution will help us get the iteration started.
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Figure 4.4: Θ nullclines for λ = −0.4 (left) and λ = −0.9 (right), with a = 0.1, E = 0.95.

Existence of corridors with unequal winding number

Throughout this section, a will be a fixed number in (0, 1
2). The following two propositions will

start things off:

Proposition 4.5.6. Given E ∈ [0, 1] and λ ≤ λl := −1−a the flow (4.106) has a corridor K1(E, λ)
with w(K1) ≥ 1.

Proof. The linearization of the flow at S− gives us eigenvalues λ1 = 1, λ2 = −1 and a corresponding

set of eigenvectors is v1 =

(
1

λ− a

)
and v2 =

(
0
1

)
. The orbitW−, being the unstable manifold

of S− is tangent to the unstable direction v1, therefore the slope of W− at S− is dΘ
dθ |W−(S−) =

λ − a < 0. The slope of W+ at S+ is similarly calculated, and it turns out to be the same
dΘ
dθ |W+(S+) = λ − a. On the other hand, since λl < λc, we have Γ = Γl ∪ Γr. S− is a terminal

S̃−

N̄−

Ñ−

S̃+

Ñ+

N̄+

W−

W+

Γl

Γr

Figure 4.5: Existence of corridor with w(K1) ≥ 1

point of the curve Γl, on which gE,λ(θ,Θ) = 0, hence the slope of Γl at S− can be calculated from
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implicit function theorem to be

dΘ

dθ

∣∣∣∣
Γl

(S−) = −
∂θgE,λ
∂ΘgE,λ

(S−) = 2(λ− a) < λ− a.

Same is true for the slope of Γr at S+, as can be easily verified. Thus W− starts off inside N ,
which is connected, and its initial slope is λ− a < −1 for λ < −1 + a. Consider the diagonal line
segment S−S+, on which Θ = −θ. Let us compute the slope of orbits that cross this line, and
compare it to the slope of the line:

gE,λ(θ,−θ)
f(θ)

− (−1) = −2a sin θ(cos θ + E sin θ) + 2λ+ 2 ≤ 0 for λ ≤ −1− a.

Thus S−S+ acts as a “barrier”, not allowingW− to cross it from below to above. Hence the ω-limit
of W− cannot be (π, 0). The first possible terminal point is then (π,−2π), hence w(W−) ≥ 1.

Proposition 4.5.7. Suppose that for some E ∈ (0, 1] and some λ ≤ λ0 := −1 + a, the flow
(4.106) has a saddles connector SΘ(E, λ) whose lift to the universal cover of the cylinder goes from
S̃− = (0, 0) to S̃+ = (π,−π). Then, for all E′ ∈ [0, E), there exists a corridor K1(E′, λ) of winding
number w(K1) = 0 for (4.106).

Proof. Let S(E, λ) = (θ(τ),ΘE,λ(τ)). Since SΘ =W− =W+, by the calculation done in the proof
the previous Proposition, the graph of ΘE,λ is entirely contained in N , thus it has to be monotone
decreasing, and thus sin ΘE,λ(τ) ≤ 0 for all τ .

S̃−

N̄−

Ñ−

S̃+

Ñ+

N̄+

Γl

Γr

SΘ(E, λ)

R
W−(E′, λ)

Figure 4.6: Trapped region R and the corridor with zero winding number.

Consider the region R in C̄ whose boundary consists of the following three curves: (i) From S−
to S+ along ΘE,λ. (ii) From S+ to N+ along the right boundary, and (iii) from N+ to S− along
a horizontal line segment. We claim that R is a trapped region for (4.106) at parameter values
(E′, λ) provided E′ < E. Since (ii) is always an orbit, and (iii) is entirely contained in N , this only
needs to be checked for (i). We have

gE′,λ(θ,ΘE,λ) = gE,λ(θ,ΘE,λ) + 2a(E′ − E) sin2 θ sin ΘE,λ ≥ Θ̇E,λ

which shows that the new flow crosses the old solution from left to right. Thus R is trapped and
since W− starts in R, it must terminate in Ñ+ = (π, 0), so that w(W−) = 0.

Setting E0 = 1 and λ0 = −1 +a, let S0 := S(E0, λ0) denote the explicit solution found in 4.5.3.
For all E1 ∈ (0, 1), the above two propositions, together with the following immediate corollary
of Proposition 4.5.5, establish the existence of a saddles connector S1 := S(E1, λ1) for (4.106), for
some λ1 ∈ (λl, λ0):
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Corollary 4.5.8. Let E ∈ [0, 1] be fixed. Suppose that there exists λ1 < λ2 < 0 such that the
flow (4.106) has corridors K1(E, λ1) and K1(E, λ2) with w(K1(E, λ2)) = 0 and w(K1(E, λ1)) ≥ 1.
Then there is a λ ∈ (λ1, λ2) such that (4.106) has a saddles connector SΘ(E, λ) going from (0, 0)
to (π,−π).

Proof. Proposition 4.5.5 applies, with −λ playing the role of the parameter µ.

Proceeding iteratively, suppose that given En ∈ [0, 1] a saddles connector SΘ
n = SΘ(En, λn)

has been found for (4.106), for some λn < λ0. In the next subsection we shall see how the newly-
found λn can be used to prove the existence of a saddles connector for the Ω flow (4.110), namely
SΩ
n := SΩ

n (En+1, λn) for some En+1 ∈ (0, 1). Coming back to the Θ flow then, a new saddles
connector SΘ

n+1 needs to be found with the updated energy En+1, given that a saddles connector
SΘ
n (En, λn) already exists. Since En+1 can be on either side of En, in addition to Prop. 4.5.7 we

also need the following:

THEOREM 4.5.9. Given any a ∈ (0, 1
2) and E ∈ [0, 1], there exists a unique

λ = Λ(E) ∈ [−1− a,−1 + a]

such that (4.106) has a saddles connector S(E, λ) going from (0, 0) to (π,−π). Moreover, Λ is an
increasing C1 function, and ∂Λ

∂E < a.

Proof. If E = 1 then λ = −1 + a works and S = S0 = (θ,−θ). For E < 1 existence is guaranteed
by Prop. 4.5.7, Prop. 4.5.6, and Corollary 4.5.8. To prove uniqueness, suppose that for a given E,
there are two saddles connectors S(E, λ) and S ′(E, λ′), with λ′ > λ. Let ΘE,λ and ΘE,λ′ denote
the corresponding Θ-components of S and S ′, respectively. For θ ∈ (0, π),

gE,λ′(θ,ΘE,λ) = gE,λ(θ,ΘE,λ) + 2(λ′ − λ) sin θ > Θ̇E,λ.

Thus orbits of the (E, λ′) flow can only cross S from below to above. On the other hand, since S ′
is a saddles connector, near S− it coincides with W−(E, λ′), and near S+ it coincides with W+.
Thus from the linearizartion of the flow at S±,

dΘE,λ′

dθ

∣∣∣∣
S±

= λ′ − a > λ− a.

Therefore S ′ must be above S near S− and below it near S+, so S ′ would have to cross S from
above to below, which is a contradiction, unless they coincide.

Given E then, let Λ(E) denote the unique value of λ for which a saddles connector S(E, λ)
exists. The fact that Λ is continuously differentiable (in fact analytic), and the bound on the
derivative, have already been shown in [89] and [7] using analytic perturbation theory. Here we
give a simple proof of monotonicity of Λ which also establishes the bound on the derivative:

Given E ∈ [0, 1] let λ = Λ(E) and let (θ(τ),ΘE(τ)) denote the unique (modulo translations in τ)
saddles connector for (4.106) whose existence we have established. Let u := ∂ΘE

∂E . By differentiating
the Θ equation in (4.106) with respect to E we obtain an equation for u:

du

dτ
= P (τ)u+Q(τ),

{
P := 2a sin θ cos θ sin ΘE + (2aE sin2 θ − 1) cos ΘE

Q := 2a sin2 θ sin ΘE + 2 dΛ
dE sin θ.

(4.133)

Let

U(τ1, τ2) := e
−

∫ τ2
τ1

P (τ)dτ
.
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Thus we have

U(τ2, τ1) =
1

U(τ1, τ2)
, U(τ1, τ2)U(τ2, τ3) = U(τ1, τ3).

Solving the first-order linear ODE (4.133) for u we obtain

u(τ) = U(τ, τ1)u(τ1) +

∫ τ

τ1

U(τ, τ ′)Q(τ ′)dτ ′. (4.134)

Note that P and Q are bounded functions of τ and

lim
τ→−∞

P (τ) = −1, lim
τ→∞

P (τ) = 1.

Therefore, for any fixed τ ,

U(τ, τ1)→ 0 as τ1 → −∞, U(τ, τ1)→ 0 as τ1 →∞.

Moreover u(±∞) = 0. For any finite τ from (4.134) we thus obtain two equivalent expressions for
u(τ). For example, setting τ = 0,

u(0) =

∫ 0

−∞
U(0, τ ′)Q(τ ′)dτ ′ = −

∫ ∞
0

U(0, τ ′)dτ ′.

Thus in particular

0 =

∫ ∞
−∞

U(0, τ ′)Q(τ ′)dτ ′ = 2a

∫
R
U(0, τ ′) sin2 θ(τ ′) sin ΘE(τ ′)dτ ′ + 2

dΛ

dE

∫
R
U(0, τ ′) sin θ(τ ′)dτ ′

Therefore
dΛ

dE
= a

∫
R U(0, τ ′) sin2 θ(τ ′) (− sin ΘE(τ ′)) dτ ′∫

R U(0, τ ′) sin θ(τ ′)dτ ′
≥ 0.

We have already shown that ΘE(τ) ∈ (−π, 0) and θ(τ) ∈ (0, π) for all τ . Thus the numerator in
the above fraction is strictly less than the denominator, hence

0 ≤ ∂Λ

∂E
< a (4.135)

Existence of saddles connectors for the Ω equation

We now show that the flow (4.110) also satisfies all the hypotheses we had made about flows on a
cylinder. Once again, for simplicity we are only going to consider the case κ = 1

2 . The situation is
somewhat more complicated than what we have done in the above for the Θ equation, due to the
presence of an extra parameter, namely γ, which breaks the symmetry that was present for the Θ
flow, as well as the fact that the equilibria of the Ω flow are degenerate (non-hyperbolic).

Let us make the identifications x = ξ and y = Ω. Thus x− = −π/2, x+ = π/2, and we now
have

f(ξ) = cos2 ξ, gE,λ(ξ,Ω) = 2a sin ξ cos Ω + 2λ cos ξ sin Ω + 2γ sin ξ cos ξ + cos2 ξ − 2aE

Therefore, for E ∈ [0, 1),

s− = −π + cos−1(E), n− = π − cos−1(E), s+ = − cos−1(E), n+ = cos−1(E),
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where by cos−1 we mean the principal branch of the arccosine, 0 ≤ cos−1 x ≤ π, and

S± = (±π
2 , s±), N± = (±π

2 , n±)

as before. We note that this time, all the equilibria are non-hyperbolic, since f ′(±π/2) = 0, and
that for γ = 0, there is a discrete symmetry: f(−ξ) = f(ξ) and g|γ=0

(−ξ, π − Ω) = g|γ=0
(ξ,Ω),

which is broken when γ is turned on.
Also in the case E = 1 there is a further degeneracy: the two equilibria on each side coalesce

into one singular point with both eigenvalues equal to zero. For these type of singular points center
manifolds can be non-unique, so that the distinguished orbits W± and the index theory we have
developed for the corridor they form, are not directly relevent to this case.

We now check the hypotheses about the topology of the nullclines.

Topology of the null-clines

Let T := tan(Ω/2). Then

gE,λ(ξ,Ω) =
2q(T )

1 + T 2
,

where

q(T ) :=
(
γ sin ξ cos ξ + 1

2 cos2 ξ − aE − a sin ξ
)
T 2 + 2λ cos ξT

+
(
γ sin ξ cos ξ + 1

2 cos2 ξ − aE + a sin ξ
)
.

Thus q is a quadratic polynomial in T with coefficients that are functions of ξ. The discriminant
of q is

∆q(ξ) := λ2 cos2 ξ − (γ sin ξ cos ξ + 1
2 cos2 ξ − aE)2 + 4a2 sin2 ξ.

Let τ := tan ξ. Thus −∞ < τ <∞, and

∆q(τ) =
p(τ)

(1 + τ2)2

with

p(τ) := a2(1−E2)τ4 + 2γaEτ3 +
(
λ2 − γ2 + a2 + 2a(1

2 − aE)
)
τ2− 2γ(1

2 − aE)τ + λ2− (1
2 − aE)2.

Since |E| < 1, p is an irreducible quartic in τ . Let us write it as p(τ) =
∑4

j=0 cjτ
j . Suppose that

E ∈ (0, 1) and

a ∈ (0, 1
2), γ ∈ (−

√
2a(1− 2a), 0), λ ∈ [−1− a,−1 + a] (4.136)

It then follows that

c4 > 0, c3 < 0, c2 > 0, c1 > 0, c0 > 0.

By Descartes’ Rule of Signs, then, p(τ) has either two or no real positive roots, and either two
or no real negative roots, counting multiplicity. For a more accurate root count, one needs to use
the discriminant of the quartic. Since the discriminant theory for general quartics is somewhat
complicated, here we opt for a simpler analysis by estimating p from above and below with two
reducible quartics. To this end, first we note that p(τ) = Q(τ)− (q1(τ))2 with

Q(τ) = λ2 + (λ2 + a2)τ2 + a2τ4, q1(τ) = 1
2 − aE + γτ − aEτ2.



4.5. PROOF OF THEOREM 4.0.10 (POINT SPECTRUM OF Ĥ ON ZGKN) 97

Thus on the one hand, by completing the square,

Q(τ) =

(
aτ2 +

λ2 + a2

2a

)2

− (λ2 − a2)2

4a2
≤ (q+

2 (τ))2, q+
2 (τ) := aτ2 +

λ2 + a2

2a

and on the other hand,

Q(τ) ≥ λ2 + 2|λ|aτ2 + a2τ4 = (q−2 (τ))2, q−2 (τ) = aτ2 + |λ|

Thus we have upper and lower bounds for p in terms of factorizable quartics Q±(τ):

Q−(τ) :=
(
q−2 (τ)

)2 − (q1(τ))2 ≤ p(τ) ≤
(
q+

2 (τ)
)2 − (q1(τ))2 =: Q+(τ)

Figure 4.7: The bounding quartics: Q+ and p (left), p and Q− (right) for parameter values a = 0.1,
γ = −0.2, λ = −0.9, E = 0.978.

Consider first the upper quartic Q+. We have Q+ = (q+
2 + q1)(q+

2 − q1) = q+q− where q± are
two quadratic polynomials. It is clear that if q+ has any real roots, they will be positive, and if q−

has any roots, they will be negative (recall that we are assuming γ < 0). The discriminants of q±

are computed to be
∆± := γ2 − 2(1∓ E)

(
λ2 + a2 ± a(1− 2aE)

)
.

Similarly, Q− = (q−2 + q1)(q−2 − q1) = q̃+q̃− where q̃± are two quadratics, and once again, any
real roots of q̃+ must be positive and any real root of q̃−, negative. The discriminants of q̃± are

∆̃± = γ2 − 2(1∓ E)(−2aλ± a(1− 2aE)) ≥ ∆±

It thus follows that there are two subsets of the (a, γ, λ) parameter space (4.136) that are of interest:
(R1) where both ∆̃+ and ∆̃− are negative; and (R2) where ∆+ > 0 and ∆̃− < 0. For parameter
values in the region (R1) the quartic Q− will have no real zeros, and will be always positive, while
for those in (R2) the quartic Q+ will have exactly two positive roots and no negative root.

Let us fix a, γ, λ as in (4.136). We find that the range (R1) corresponds to 0 ≤ E < El, where

El(λ) :=
1

2a

[
−λ+ a+ 1

2 −
√

(λ+ a− 1
2)2 + γ2

]
,

while range (R2) corresponds to Eh < E ≤ 1, with

Eh(λ) =
1

4a2

[
λ2 + 3a2 + a−

√
(λ2 − a2 + a)2 + 4a2γ2

]
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Note that 0 < El < Eh < 1 for all values of a, γ, λ as in (4.136).
For E ∈ (Eh, 1], therefore, since Q+ has two positive roots, the quartic p(τ) must also have

at least two roots, one of which will definitely be positive. Thus by the Rule of Signs, p(τ) has
exactly two positive roots. We call them τ1 and τ2, and p(τ) < 0 for τ1 < τ < τ2. It follows that
the quadratic q(T ) will have two roots for τ /∈ [τ1, τ2], double roots at τ1 and at τ2, and no real
roots for τ ∈ (τ1, τ2).

For E ∈ [0, El) since Q− has no real roots, p cannot have any either. Thus p is always positive
and q(T ) = 0 will have two roots for all τ ∈ R.

Combining these two, one concludes that a critical value for the energy E = Ec(a, γ, λ) exists,
Ec ∈ [El, Eh], such that assumption (A) is satisfied, with the role of parameter µ played by E.

Figure 4.8: Ω-nullclines for parameter values E = 0.8 (left) and E = 0.93 (right), with a = 0.1,
γ = −0.4, and λ = −0.9.

Existence of corridors with unequal winding number

Throughout this section, a will be a fixed number in (0, 1
2) and γ a fixed number in (−

√
2a(1− 2a), 0).

The following two propositions help us get started:

Proposition 4.5.10. Given λ ≤ −1 + a there exists Ē ∈ (Eh(λ), 1) such that for all E ∈ [Ē, 1)
the corridor K1(E, λ) of the flow (4.110) has winding number greater than or equal to one.

Proof. We compute the slope of solution orbits that cross the following line in C̄

L := {(ξ,Ω) ∈ C̄ | − π
2 ≤ ξ ≤

π
2 , Ω = π

2 − cos−1E − ξ}

and compare it to the slope of L. Note that L passes through Ñ− and S̃+. We have

gE,λ(ξ,Ω)

f(ξ)
− (−1) = 2

(
1− (a− λ)E + [

√
1− E2(a− λ) + γ] tan ξ

)
(4.137)

Consider first the case λ = −1 + a. Let

ξ0(E) := tan−1 1− E
−γ −

√
1− E2

↘ 0 as E ↗ 1.

For ξ ≥ ξ0(E), the slope of any orbit of the flow crossing L is less than (i.e. more negative than)
the slope of L. Hence on the portion of L where ξ ≥ ξ0 orbits can only cross L from above to
below.
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On the other hand, suppose λ < −1 + a. Let

Em := max

{
1

a− λ
,

√
1− γ2

(a− λ)2
, Eh(λ)

}
∈ (Eh, 1)

For E ∈ (Em, 1) we have ξ0(E) ∈ (−π
2 , 0). Let

η0 :=

{
cos−1E λ < −1 + a
cos−1E + ξ0(E) λ = −1 + a

We note that η0 → 0 as E → 1. Let us consider the horizontal line

L′ := {(ξ,Ω) ∈ C̄ | − π
2 ≤ ξ ≤

π
2 , Ω = π

2 − η0}

We compute the slope of orbits crossing L′:

h(ξ) := gE,λ(ξ, π2 − η0) = 2a sin ξ sin η0 + 2λ cos ξ cos η0 + 2γ sin ξ cos ξ + cos2 ξ − 2aE.

Clearly

h(ξ) ≤ 2a(sin η0 − E) + |γ|+ 2λ cos ξ cos η0 + cos2 ξ

≤ 2a(sin η0 − E) + |γ|+ 2λ cos η0 + 1

→ −2a+ |γ|+ 2λ+ 1 as E → 1

≤ |γ| − 1 < 0

Thus there exists E sufficiently close to 1 such that h(ξ) < 0 for ξ ∈ (−π
2 ,

π
2 ).

N̄−

S̃−

Ñ−

Ñ+

S̃+

N̄+

L

L′

W−

Γl

Γr

Figure 4.9: Construction of a barrier

Let Υ be the curve in C consisting of two line segments: From (−π
2 ,

π
2 −η0) along the horizontal

line L′, upto the intersection point of L and L′, and then from there along L to S̃+. The curve Υ
provides a barrier for the flow: no orbit can cross it from the region below Υ into the region above
Υ. Let W̃− be the unstable manifold af S̃−. Thus W̃− must stay below Υ, and as a result the
ω-limit of W− cannot be Ñ+ so therefore its winding number is not zero or negative.

Proposition 4.5.11. Given λ ≤ −1 + a and E ∈ [0, El(λ)) the corridor K1(E, λ) of the flow
(4.110) has winding number equal to zero.

Proof. Once again we find a barrier that prevents W− from going down: Let us compute the slope
of orbits crossing the line

L = {(ξ,Ω) | Ω = ξ − π
2 }

and compare it to the slope of this line.

j(ξ) := gE,λ(ξ, ξ − π
2 )− cos2 ξ = 2a(1− E)− 2(λ+ a) cos2 ξ + 2γ sin ξ cos ξ.
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Thus j(±π/2) = 2a(1− E) > 0. Any interior minimum of j must be achieved at a critical point:

j′(ξ0) = 0 =⇒ ξ0 = 1
2 tan−1 γ

λ+ a
> 0.

However we have

j(ξ0) = 2a(1−E)− (λ+ a)− (λ+ a) cos 2ξ0 + γ sin 2ξ0 = 2a(1−E)− 2(λ+ a)3

(λ+ a)2 + γ2
> 2a(1−E).

W−

L

Γd

Γu

S̃−

N̄−

Ñ+

S̃+

Figure 4.10: Barrier for zero winding number

Thus j(ξ) > 0 for all ξ ∈ (−π
2 ,

π
2 ). It follows that the slope of any orbit crossing the line is

greater than the slope of the line. Thus orbits cannot cross this line from above to below. In
particular, the orbit W− starts at S̃−, which is above this line. Hence W− cannot end at any
copy of the node N+ other than Ñ+, so its winding number cannot be positive. Since the region
N is connected, once W− leaves P and enters N , its Ω must decrease, hence W− cannot end at
any copy of the node N+ that is higher than Ñ+ either, and therefore the winding number of W−
cannot be negative, hence w(W−) = 0.

Let λ0 = −1 + a. The above two propositions, in conjunction with the following immediate
corollary of Proposition 4.5.5, establish the existence a saddles connector SΩ

0 (E1, λ0) forthe flow
(4.110), for some E1 ∈ (0, 1):

Corollary 4.5.12. Let λ ≤ −1+a be fixed. Suppose that there exists 0 ≤ E1 < E2 < 1 such that the
flow (4.110) has corridors K1(E1, λ) and K1(E2, λ) with w(K1(E1, λ)) = 0 and w(K1(E2, λ)) ≥ 1.
Then there is an E ∈ (E1, E2) such that (4.110) has a saddles connector S(E, λ).

Proof. Proposition 4.5.5 applies, with E playing the role of the parameter µ.

Let n ≥ 1. Suppose that given λn−1 ≤ −1 + a a saddles connector SΩ
n−1 = SΩ(En, λn−1) has

been found for (4.110), for some En ∈ (0, 1). In the previous subsection we saw how this newly-
found En can be used to prove the existence of a saddles connector for the Θ flow (4.106), namely
SΘ
n := SΘ

n (En, λn) for some λn ≤ −1 + a. Coming back to the Ω flow then, given the updated
value λ = λn, a new saddles connector SΩ

n needs to be found with an updated energy En+1, given
that a saddles connector SΩ

n−1(En, λn−1) already exists. Then, for all λ′ ∈ (λ,−1 + a), there exists
a corridor K1(E, λ′) of winding number w(K1) = 1 for (4.110). More generally, we have

THEOREM 4.5.13. Fix a ∈ (0, 1
2) and γ ∈ (−

√
2a(1− 2a), 0). Then given any λ ∈ [−1 −

a,−1 + a], there exists a unique

E = E(λ) ∈ (0, 1)

such that (4.110) has a saddles connector SΩ(E, λ). Moreover, E is a C1 function, and |∂E∂λ | <
1
a .
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Proof. Existence of a saddles connector is guaranteed by Propositions 4.5.10 and 4.5.11, and
Corollary 4.5.12. To see uniqueness, suppose that there exists two saddles connectors SΩ(E, λ) and
SΩ(E′, λ) for (4.110) for E and E′ in (0, 1), and suppose E < E′. Let ΩE,λ be the Ω component of
SΩ(E, λ). We have

gE′,λ(ξ,ΩE,λ) = gE,λ(ξ,ΩE,λ)− 2a(E′ − E) < Ω̇E,λ.

It thus follows that orbits of the (E′, λ) flow can only cross SΩ(E, λ) from above to below. On
the other hand, since E′ > E the equilibrium point S̃−(E′, λ) is situated below S̃−(E, λ), while
S̃+(E′, λ) is above S̃+(E, λ). Since SΩ(E′, λ) coincides with both W−(E′, λ) and W+(E′, λ) it
begins below SΩ(E, λ) and it ends above it, which is a contradiction, hence E′ = E.

Given λ, let E(λ) denote the unique value of E for which a saddles connector SΩ(E(λ), λ) =
(ξ(τ),ΩE(λ),λ(τ)) exists. We now prove that E is a C1 function: Consider the two initial value
problems for Ω±(τ), the Ω components of W±:

Ω̇± = gE,λ(ξ(τ),Ω±), Ω−(−∞) = −π + cos−1E, Ω+(∞) = − cos−1E

By standard ODE theory these two problems have unique smooth solutions Ω±E,λ(τ) which also
depend smoothly on the parameters λ and E (so long as E < 1) for any finite τ .

Next recall that W− is a saddles connector if it coincides with W+, which will be the case if
these two orbits intersect at one point, e.g. if Ω+

E,λ(0) = Ω−E,λ(0). Let us define a smooth function

F(E, λ) := Ω+
E,λ(0)− Ω−E,λ(0) (4.138)

Let λ0 ∈ [−1 − a,−1 + a] be fixed, and set E0 = E(λ0). Then F(E0, λ0) = 0. By the Implicit
Function Theorem, if

∂F
∂E

(E0, λ0) 6= 0, (4.139)

then there is a neighborhood I of λ0 and a C1 function Ẽ defined on I such that F(Ẽ(λ), λ) = 0
for all λ ∈ I. By the uniqueness result we have already shown, we must have Ẽ = E . Thus we only
need to verify the condition (4.139).

For λ ∈ [−1− a,−1 + a] and E ∈ (0, 1), let

u±(τ) :=
∂

∂E
Ω±E,λ(τ).

Then u± satisfy the linear ODEs

du±
dτ

= P±(τ)u± − 2a, P±(τ) := −2a sin ξ(τ) sin Ω±E,λ(τ) + 2λ cos ξ(τ) cos Ω±E,λ(τ) (4.140)

together with the initial conditions

u−(−∞) =
−1√

1− E2
, u+(∞) =

1√
1− E2

.

Moreover,

F(E, λ) = u+(0)− u−(0).

For τ1, τ2 ∈ R let

U±(τ1, τ2) := e
−

∫ τ2
τ1

P±(τ)dτ
.
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Solving the ODEs (4.140) for u± we obtain

U±(τ1, τ2)u±(τ2) = u±(τ1)− 2a

∫ τ2

τ1

U±(τ1, τ)dτ. (4.141)

Note that
lim

τ→−∞
P−(τ) = −2a

√
1− E2 < 0, lim

τ→∞
P+(τ) = 2a

√
1− E2 > 0.

Thus for any fixed τ ,

U−(τ, τ1)→ 0 as τ1 → −∞, U+(τ, τ2)→ 0 as τ2 →∞.

And so, from (4.141) we obtain

u−(τ) = −2a

∫ τ

−∞
U−(τ, τ ′)dτ ′, u+(τ) = 2a

∫ ∞
τ

U+(τ, τ ′)dτ ′. (4.142)

We know that Ω+
E0,λ0

(τ) = Ω−E0,λ0
(τ) for all τ . Hence U+(τ1, τ2) = U−(τ1, τ2) =: U(τ1, τ2) and thus

∂F
∂E

(E0, λ0) = 2a

∫ ∞
−∞

U(0, τ ′)dτ ′ > 0

so that (4.139) is clearly satisfied. Since λ0 was arbitrary we have shown that E ∈ C1((−1−a,−1+
a)).

We can furthermore compute the derivative of E by implicit differentiation. Let

v±(τ) :=
∂

∂λ
Ω±E,λ(τ).

Then v± satisfy

v̇± = P±(τ)v± + 2 cos ξ(τ) sin Ω±E,λ(τ), v−(−∞) = 0, v+(∞) = 0.

Thus by a similar argument to above,

v−(τ) =

∫ τ

−∞
U−(τ, τ ′) cos ξ(τ ′) sin Ω−E,λ(τ ′)dτ ′, v+(τ) =

∫ ∞
τ

U+(τ, τ ′) cos ξ(τ ′) sin Ω+
E,λ(τ ′)dτ ′,

so that
∂F
∂λ

(E0, λ0) = −2

∫ ∞
−∞

U(0, τ ′) cos ξ(τ ′) sin ΩE0,λ0(τ ′)dτ ′,

and thus
dE
dλ

= − ∂F/∂λ
∂F/∂E

=

∫∞
−∞ U(0, τ) cos ξ(τ) sin ΩE,λ(τ)dτ

a
∫∞
−∞ U(0, τ)dτ

.

Moreover, clearly ∣∣∣∣∫ ∞
−∞

U(0, τ) cos ξ(τ) sin ΩE,λ(τ)dτ

∣∣∣∣ < ∫ ∞
−∞

U(0, τ)dτ.

so that ∣∣∣∣dEdλ
∣∣∣∣ < 1

a
.



4.6. NOVEL INTERPRETATION OF DIRAC’S EQUATION 103

The iteration argument

THEOREM 4.5.14. Let a ∈ (0, 1
2) and γ ∈ (−

√
2a(1− 2a), 0) be fixed. There exists a λ ∈

[−1 − a,−1 + a] and E ∈ (0, 1) such that (4.106) has a saddles connector SΘ(E, λ) and (4.110)
has a saddles connector SΩ(E, λ).

Proof. Set λ0 = −1 + a. For n ≥ 1 let

En := E(λn−1) ∈ (0, 1), λn := Λ(En) ∈ [−1− a,−1 + a].

Thus

En+1 = E(Λ(En)).

By Theorems 4.5.13 and 4.5.9 we have

|En+1 − En| ≤ δ|En − En−1|

where

δ := max
0≤E≤1

∣∣∣∣ dΛ

dE

∣∣∣∣ max
−1−a≤λ≤−1+a

∣∣∣∣dEdλ
∣∣∣∣ < a · 1

a
= 1

Thus by the contraction mapping theorem, the sequence En converges, and thus so does the
sequence λn. Let λ = limn→∞ λn ∈ [−1−a,−1+a] and E := limn→∞En. We must have E = E(λ)
and thus 0 < E < 1.

4.6 Novel interpretation of Dirac’s equation

4.6.1 Quest for the quantum-mechanical interpretation of Dirac’s equation

Many textbooks and monographs (e.g. [57], [41], [80], [70]) tell the story of Dirac’s marvelous
discovery of the special-relativistic generalization of Pauli’s non-relativistic spinor wave equation
for the “spinning electron”: his ingenious insight that a first-order partial differential operator
is needed rather than the second-order wave operator in the so-called3 Klein–Gordon equation;
his equally ingenious insight that complex four-component bi-spinors, instead of Pauli’s complex
two-component spinors, are needed to accomplish this goal; his consequential formulation of the
equation and his skillful analysis of the same; the g-factor 2; the explicit solution of the Hydrogen
problem in terms of elementary functions (by Darwin [29] and Gordon [40]), and the surprising
exact agreement of the Dirac point spectrum with Sommerfeld’s fine structure formula (save the
labeling of the energy and angular momentum levels);4 the strange occurrence of a negative energy
continuum below −mc2 (with m the electron’s rest mass, and c the speed of light in vacuum),
leading to Dirac’s ultimate triumph: the prediction of the existence of the anti-electron (a.k.a.
positron) — based on his “holes in the Dirac sea” interpretation.

Yet, not all is well. The most perplexing (and intriguing) part of the above success story is
that it is based on Dirac’s changing the rules of the game while he was playing it. Thus, originally
formulating it as a quantum-mechanical one-particle wave equation on one-particle configuration
space, Dirac — by postulating that all negative energy continuum states are occupied with electrons
— switched to an infinitely-many particle interpretation on physical space: a “poor man’s quantum

3We are alluding to the historical facts that this equation was first contemplated by Schrödinger before he wrote
down his Schrödinger equation, and subsequently was rediscovered independently by various physicists, amongst
them, in addition to Klein and Gordon, also Pauli.

4For a modernized semi-classical Bohr–Sommerfeld approach that leads to the correct labeling, see [50].
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field theory” (yet an important stepping stone towards quantum electrodynamics, one that still is
the subject of serious studies by mathematical physicists [54]). And while it is difficult to argue
with practical success, Dirac’s ad-hoc “holes in the negative energy sea” theory can be criticized
for de-facto bypassing the conceptual problem of the proper quantum-mechanical interpretation of
Dirac’s equation (assuming there exists one!), rather than addressing it.

Stückelberg [74] and Feynman [34] revived the quantum-mechanical interpretation of Dirac’s
equation and argued that it is an equation for both, the electron and the positron, cf. Thaller
[79]: “[U]p to now no particular quantum mechanical interpretation [of Dirac’s wave equation]
is generally accepted. ... [T]he Stückelberg–Feynman interpretation (Stückelberg 1942, Feynman
1949) ... is intermediate between a one-particle theory and Dirac’s hole theory, because it claims
that the Dirac equation is able to describe two kinds of particles, namely electrons and positrons
(but not their interaction; negative energy states are directly observed as positrons with positive
energy).” Thaller, who adopts the Stückelberg–Feynman interpretation in his scattering theory,
goes on to emphasize that it is “formulated in the language of wave packets ... and does not rely
on unobservable objects like the Dirac sea.” In a nutshell, the main idea is that wave packets
composed of only positive energy eigenfunctions and scattering states “describe” electrons, those
composed of only negative energy eigenfunctions and scattering states “describe” positrons; cf. also
[18]. The problem with identifying electrons and positrons with respect to the respective subspaces
of the “free” Hamiltonian is that switching on “external” fields may induce transitions between
the two; or, in mathematical language: the positive and negative energy Hilbert subspaces for
the free Hamiltonian may not be invariant under the unitary evolution of a scattering problem.
Klein’s paradox (see [80]) shows that these subspaces are not always invariant under the unitary
evolution, indeed. Furthermore there are examples of physically interesting electric potentials (e.g.
a regularized Coulomb potential) which can generate negative energy eigenstates which clearly
are to be interpreted as belonging to the electron, not the positron; see [41]. Even in favorable
situations, mixed initial conditions can pose an interpretational dilemma.

Thus not all is well with the Stückelberg–Feynman interpretation either. To Thaller’s emphasis
of its limitations we here add another troublesome criticism, namely that this interpretation is
in conflict with established quantum-mechanical many-body concepts. Thus, while Dirac’s bi-
spinorial wave function depends (beside time) only on one position variable, it should have two
position variables in its arguments, not merely one, if Dirac’s equation truly were a quantum-
mechanical two-particle equation. For then it has to reproduce Pauli’s quantum-mechanical two-
particle equation for a non-relativistic electron–positron pair in the non-relativistic limit, and this
Pauli equation — which is the traditional starting point for computing the leading-order spectral
properties of positronium, with relativistic corrections computed perturbatively subsequently [8] —
does have a complex four-component wave function with two position variables in its arguments.5

4.6.2 A novel proposal

Since the enigmatic quantum-mechanical character of “Dirac’s equation for the electron” manifests
itself in the seemingly contradictory aspects that, on one hand, it has all the formal hallmarks

5There is one loose end in this argument — which can easily be tied up. More to the point, as in the quantum-
mechanical analog of the Kepler problem, one can change coordinates from the two particle position vectors (defined
w.r.t. some inert fixed point) to center-of-mass coordinates (w.r.t. the same fixed point) plus relative coordinates.
In the spinless non-relativistic limit the center-of-mass coordinates can be factored out, and the remaining wave
equation in the relative coordinates is effectively a one-body equation for a test particle in an external Coulomb field.
So one may speculate whether Dirac’s equation is perhaps of this type, describing the relative motion of electron
and positron in relative coordinates. Unfortunately the mass parameter m in Dirac’s equation “for the relativistic
electron” is a factor 2 too big for this interpretation to be feasible, putting to rest speculations in this direction.
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of a single-particle equation while, on the other, its set of solutions covers (much of) the physics
of both the electron and the anti-electron, the only logical conclusion that avoids the paradox —
therefore — is that electron and anti-electron are not really separate entities but merely “two
different sides of the same medal.” By this we do not mean the well-known charge-conjugation
transformation which maps a “negative-energy Dirac electron state” into a “positive-energy Dirac
positron state,” and vice versa; neither do we mean the interpretation suggested by Stückelberg,
Wheeler, and Feynman that an “electron moving backward in time appears as a positron moving
forward in time.” Rather, we propose that electron and anti-electron are two different “topological-
spin” states of a single, more structured particle (moving forward in time), not individual particles
in their own right which are “anti-symmetric twins” such that for each state of one of them there
exists a corresponding state of the other obtained by charge conjugation.

Our novel interpretation is backed up by the fact that such binary particle structures exist
in some electromagnetic spacetime solutions of Einstein’s classical theory of general relativity.6

More concretely, we mean the structure commonly known as the “ring-like7 singularity” of the
maximal analytically extended, topologically non-trivial,8 electromagnetic spacetime of Newman
et al. [60, 13] — in its zero-gravity limit! Here, “zero-gravity limit” means the limit G→ 0, where G
is Newton’s constant of universal gravitation, applied to the Kerr–Newman metric9 expressed in any
one of the most symmetric global coordinate charts. As shown rigorously in an accompanying paper
[77], in this zero-gravity limit the spacetime itself becomes a flat but topologically nontrivial solution
of the Einstein vacuum equations Rµν = 0, while the electromagnetic fields become static Appell–
Sommerfeld solutions of the linear Maxwell equations on this spacetime, with well-behaved sesqui-
pole sources concentrated on its spacelike ring singularity. Most importantly, the ring singularity
appears to be positively charged in one sheet of a spacelike snapshot of the spacetime, yet negatively
charged in the other, with pertinent electric monopole asymptotics at spacelike infinity; analogous
statements hold for the magnetic structure, with dipole asymptotics. This electromagnetically anti-
symmetric spacelike singularity of a double sheeted space is precisely the kind of binary-particle-like
structure which vindicates our informal wording that “electron and anti-electron are two sides of one
and the same medal” as mathematically realized in a classical physical field theory, and therefore
suggests that our idea is putatively physically viable in a quantized theory.10

6By invoking a classical physical theory, in our case Einstein’s general relativity, we are simply following the
standard protocol of “first quantization:” find a classical particle Hamiltonian, then “quantize it” to obtain the
quantum Hamiltonian acting on some wave function. Enjoying the benefit of hindsight we may simplify our task
and look for the desired electromagnetic “binary particle structure” in classical physical theory, then compute its
electromagnetic interaction with some other classical elecromagnetic object, in particular a point charge. This
classical interaction then enters the pertinent quantum-mechanical wave equation obtained from “first quantization,”
in our case Dirac’s equation. The remaining task then is to show that this Dirac equation makes the right physical
predictions and avoids any of the paradoxical aspects that we have discussed.

7What is “ring-like” is actually a constant-t “snapshot” of the spacetime singularity.
8The complement of a wedding ring in ordinary three-dimensional Euclidean space is topologically non-trivial,

too, but “looping through the ring once brings you back to where you began;” in a spacelike slice of the maximal
analytically extended Kerr–Newman spacetime “you need to loop through the ring twice to get back to square one.”

9A priori speaking the G→ 0 limit should also be applied to the expressions for the Kerr–Newman electromagnetic
fields, but these are G-independent in the coordinates we use.

10It is our pleasant duty to note here that we are not the first to try to associate the double sheetedness of the
zGKN spacetime and its anti-symmetric electromagnetism with particle / anti-particle symmetry. Namely, after
reading an earlier version of our paper, Prof. Ted Newman kindly send us a letter with (amongst other valuable
information) the following historical note: “I had (in about 1966) myself noted — in the G = 0 limit — that by
going along the axis of symmetry from large r down to zero and then to negative r that the sign of the charge would
change. Kerr and Penrose did clarify this for me. I and one of my Polish colleagues, spent a great deal of time —
talking and trying out ideas concerning the double sheetedness — mainly trying to put it into the context of parity,
time reversal and charge conjugation symmetry. It was a very enticing idea. Unfortunately we never could make it
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We stress the importance of the zero-gravity limit of the maximal analytically extended Kerr–
Newman spacetime and its elecromagnetic fields [77] for getting our electron/anti-electron binary
particle interpretation of its ring singularity off the ground.11 The reason is that the energy-
momentum-stress tensor of the electromagnetic Appell–Sommerfeld fields is not locally integrable
at the ring singularity so that, when it is coupled to spacetime curvature by “switching on G,” it
produces physically “pathological” effects of the G > 0 Kerr–Newman spacetime (such as closed
timelike loops; the t =const. ring singularity itself is also timelike when G > 0 and not interpretable
as a stationary particle-like source [19]) — more on this in the next subsection. The G → 0
limit removes all these troublesome features of the Kerr–Newman spacetime while retaining the
topological and electromagnetic features that can be given a clear physical meaning.

To test our binary-particle interpretation of the ring singularity of the maximal analytically
extended zero-G Kerr–Newman (zGKN for short) spacetime as an electron/anti-electron structure
whose motion is governed by Dirac’s equation12 we study the pertinent general-relativistic zero-
gravity Hydrogen problem in the usual Born–Oppenheimer approximation. We first show that the
classical electromagnetic interaction of the zGKN singularity with a “static point charge located
elsewhere in the manifold”13 is given by the minimal coupling formula used to describe the inter-
action of a test point charge in the field of a given zGKN singularity — to avoid confusion with
the “naive minimal coupling” evaluation of the Coulomb field of the point charge at the center
of the zGKN ring singularity (times its charge parameter), we will call our interaction formula
a “minimal re-coupling” term. Next we show that although the zGKN singularity is not point-
but ring-like, in the quasi-static motions regime one and the same Dirac equation covers these two
interpretations of the “point charge plus zGKN ring singularity” system (i.e., only the narrative
changes); in particular, the eigenstates are captured correctly. In another accompanying paper
[52] we have rigorously studied this Dirac equation (in the interpretation “test point charge in
the zGKN spacetime”), and in the present paper the results of [52] will be presented in the novel
interpretation put forward here. In addition, here we will argue — compellingly as we believe —
that our spectral results suggest as choice for the ring diameter of the electron/anti-electron binary

into a unified theory or even a coherent idea. We eventually gave it up — not because it was wrong — but because
we were stuck and could not make it work.” In this paper we will see that the double sheetedness and its charge
(anti-)symmetry are associated not with parity, time reversal, and charge conjugation symmetry operations, but with
a novel symmetry operation on the Dirac bi-spinor, associated with what we call “topo(logical)-spin” of the zGKN
ring singularity, viz. the particle/anti-particle symmetry of the zGKN ring singularity is implemented in a topo-spin
flip operation and, thus, is somewhat akin to Heisenberg’s iso-spin concept for nucleons.

11“Switching off gravity” should not be viewed as a troublesome step. Yet, our statement that the zero-G limit
is important to get our electron/anti-electron binary particle interpretation of its ring singularity off the ground, in
the sense that it doesn’t work with G > 0, would seem to deal a fatal blow to our zero-G approach. However, the
G > 0 problems we have in mind are of a similar kind which also affect the usual textbook formulation of Dirac
Hydrogen, viz. “Dirac’s equation for a point (test) electron in the field of a point proton at rest in Minkowski
spacetime” — as soon as one “switches on G” to compute the general-relativistic corrections to the Sommerfeld
spectrum from eigenstates for Dirac’s equation of a point (test) electron in the Reissner–Nordström spacetime, “all
hell breaks lose” (see [?] for a review). The reason is once again the local non-integrability of the energy-momentum-
stress tensor of the classical electromagnetic field, which in the usual textbook case is the field of a point charge.
This clearly suggests that the culprit is Maxwell’s linear vacuum field equations, and that replacing them with non-
linear field equations that produce an integrable energy-momentum-stress tensor, the G > 0 pathologies might go
away and general-relativistic gravitational curvature corrections to the spectral features of special-relativistic Dirac
Hydrogen may eventually come out not larger than the ludicrously tiny Newtonian gravitational effects relative to
the electromagnetic effects on the non-relativistic Schrödinger spectrum of Hydrogen. We will say more about this
in our concluding section.

12Incidentally, we will show that with the help of the Dirac bi-spinors, de Broglie–Bohm type laws of motion and
orientation can be formulated for the zGKN ring singularity.

13This phrase is shorthand for a point charge with a straight world line parallel to the timelike axis of the timelike
cylinder singularity of zGKN whose constant-t spacelike slice is the “ring singularity.”
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particle structure not the (reduced)14 Compton wavelength of the electron, ~/mc, as proposed in
earlier studies which aimed at linking the Kerr–Newman spacetime with Dirac’s electron (see next),
but only a tiny fraction of it.

Generalized Cayley–Klein representation of a bi-spinor

In this subsection we describe a representation of Dirac bi-spinors that is a generalization of the
Cayley–Klein representation of Pauli spinors. Therefore we first consider the two-component Pauli
spinors.

Let ψ : R× R3 → C2 be a (two-component) Pauli spinor field. Set

R2 := ψ†ψ,

where for any column vector ψ ∈ Ck we have defined ψ† = ψ∗t to be the complex conjugate-
transpose of ψ. Then the unit spinor ψ̌ has the following SU(2) (Cayley–Klein) representation
[39]:

ψ̌ :=
1

R
ψ =

(
cos(Θ/2)ei(Φ−Ω)/2

sin(Θ/2)ei(Φ+Ω)/2

)
; (4.143)

here, for each point in the configuration space, (Φ,Θ,Ω) are a triplet of Eulerian angles15 cor-
responding to a rotation R(Φ,Θ,Ω) ∈ SO(3); clearly, (Φ,Θ,Ω) are real-valued functions on the
one-body configuration space. The above representation is obtained as follows: Given ψ ∈ C2,
there is a unitary matrix Uψ ∈ SU(2) such that

Uψ
(

1
0

)
= ψ̌.

The map

(Φ,Θ,Ω)→ U := e−i
Ω
2
σ3e−i

Θ
2
σ2e−i

Φ
2
σ3 =

(
cos(Θ/2)ei(Φ−Ω)/2 − sin(Θ/2)e−i(Φ+Ω)/2

sin(Θ/2)ei(Φ+Ω)/2 cos(Θ/2)e−i(Φ−Ω)/2

)
(4.144)

is a map from SO(3) into its universal cover SU(2) that takes any such triplet of Euler angles
(Φ,Θ,Ω) to (one of the two) SU(2) elements that comprise the inverse image of R(Φ,Θ,Ω) under
the covering map.

Remark 4.6.1. Incidentally, in [11] this representation of Pauli spinors is used to give an onto-
logical fluid interpretation of Pauli’s equation in the spirit of Madelung’s fluid interpretation of
Schrödinger’s equation; subsequently [10] it was noted that it supplies a non-relativistic law for the
orientation of a rigid, spinning (spherical) model electron. We also direct the reader to [28] for a
related discussion of spinning spherical particles in the context of Nelson’s stochastic mechanics.

Given any ψ =

(
z1
z2

)
∈ C2, one can find a triplet of Eulerian angles (Φ,Θ,Ω), (unique up to

the usual ambiguity in Eulerian angles), such that (4.143) holds. More precisely, we show below
that every non-zero ψ determines an orthonormal frame in R3, denoted by {l(ψ),m(ψ),n(ψ)} (cf.

14For convenience, in the following we shall drop the adjective “reduced,” even though “Compton wavelength”
usually refers to 2π times the reduced expression, i.e. to h/mc.

15Here and elsewhere in the paper we are using the ZYZ convention for Euler angles, whereby any rotation in R3

can be decomposed into a rotation around the z-axis, followed by one around the (new) y-axis, followed by another
one around the (new) z-axis
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[47]) and thus a unique element of the real rotation group SO(3) that takes the standard basis for
R3 to the basis {l,m,n}. Set

n(ψ) :=
ψ†σψ

ψ†ψ
=

1

|z1|2 + |z2|2

 2Re(z1z
∗
2)

2Im(z1z
∗
2)

|z1|2 − |z2|2

 ;

here, the ∗ denotes complex conjugation. It is easy to see that n is a unit vector: using the
Cayley–Klein form of ψ (4.143) we obtain

n(ψ) =

 sin Θ cos Ω
sin Θ sin Ω

cos Θ

 .

Next, let us define the flip map f : C2 → C2 as follows:

f

(
z1
z2

)
=

(
−z∗2
z∗1

)
.

We note that
n(fψ) = −n(ψ),

which is why f is called the flip map. Next we define vectors l,m ∈ R3 by

l + im :=
(fψ)†σψ

ψ†ψ
=

 z21 − z22
i(z21 + z22)
−2z1z2

 ,

and in terms of the Cayley–Klein parameters:

l(ψ) =

 cos θ cos Ω cos Φ + sin Ω sin Φ
cos θ sin Ω cos Φ− cos Ω sin Φ

− sin θ cos Φ

 , m(ψ) =

 cos Θ cos Ω sin Φ− sin Ω cos Φ
cos Θ sin Ω sin Φ + cos Ω cos Φ

− sin Θ sin Φ

 .

One checks that {l,m,n} are indeed orthonormal. Putting the three vectors together gives the
rotation matrix R(Φ,Θ,Ω) mentioned above, which takes the standard frame {ex, ey, ez} of R3

into the frame {l,m,n}.
Now let Ψ ∈ C4 be a bi-spinor. Thus

Ψ =

(
ψ1

ψ2

)
,

with ψ1, ψ2 ∈ C2. Using the Cayley–Klein representations of ψ1 and ψ2, we may write

Ψ =

 R1e
iΦ1/2

(
cos(Θ1/2)e−iΩ1/2

sin(Θ1/2)eiΩ1/2

)
R2e

iΦ2/2

(
cos(Θ2/2)e−iΩ2/2

sin(Θ2/2)eiΩ2/2

)
 .

Let R :=
√
R2

1 +R2
2, Σ := 2 tan−1 R2

R1
, S := 1

2(Φ2 + Φ1), and Φ = 1
2(Φ2 − Φ1). Then,

Ψ = ReiS

 cos Σ
2 e
−iΦ/2

(
cos(Θ1/2)e−iΩ1/2

sin(Θ1/2)eiΩ1/2

)
sin Σ

2 e
iΦ/2

(
cos(Θ2/2)e−iΩ2/2

sin(Θ2/2)eiΩ2/2

)
 . (4.145)
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We call this the generalized Cayley–Klein representation of the Dirac bi-spinor Ψ.
We now define the orientation vector field of Ψ by

nΨ :=
Ψ†SΨ

Ψ†Ψ
= cos2 Σ

2
n1 + sin2 Σ

2
n2. (4.146)

Here, S = (S1, S2, S3)t, with

Sk :=

(
σk 0
0 σk

)
, k = 1, 2, 3,

while n1 := n(ψ1) and n2 := n(ψ2). One readily checks that

‖nΨ‖2 =
1

2

(
1 + cos2 Σ + (n1 · n2) sin2 Σ

)
≤ 1,

with equality holding if and only if either Σ = 0 or π, or if the vectors n1 and n2 are parallel, i.e.
n1 · n2 = 1. Of interest is also when this vector field vanishes: nΨ = 0 iff ψ2 = eiΦfψ1.

Finally, by analogy with the Pauli spinor, for a bi-spinor we can define

l′Ψ + im′Ψ :=
(FΨ)†SΨ

Ψ†Ψ
,

where

FΨ := ReiS

 cos Σ
2 e
−iΦ/2

(
− sin(Θ1/2)eiΩ1/2

cos(Θ1/2)e−iΩ1/2

)
sin Σ

2 e
iΦ/2

(
− sin(Θ2/2)eiΩ2/2

cos(Θ2/2)e−iΩ2/2

)
 .

Thus,

l′Ψ = cos2 Σ

2
l1 + sin2 Σ

2
l2, m′Ψ = cos2 Σ

2
m1 + sin2 Σ

2
m2.

Unfortunately, the triplet {l′Ψ,m′Ψ,nΨ} forms an orthogonal frame only if n1×n2 = 0, in general.
But, when n1 × n2 6= 0, then we can use these vectors to define

lΨ := n1 × n2,

which is orthogonal to nΨ because nΨ is a linear combination of n1 and n2, and

mΨ := nΨ × lΨ.

The triplet {lΨ,mΨ,nΨ} forms an orthogonal frame if n1 × n2 6= 0. In each case one can obtain
an orthonormal frame by normalization.

After our group-theoretical preparations we are ready to formulate the Dirac equation for a
zGKN ring singularity. We begin with the simpler case of a “free” zGKN ring singularity; the
interacting case is treated thereafter.

4.6.3 Dirac’s equation for a free zGKN ring singularity

Recall that any quantum-mechanical wave equation for a “quantum particle,” when formulated
“in position space representation,” is formulated on the configuration space C of the corresponding
“classical (point) particle.” For a “free” massive test particle whose classical worldlines (according
to Einstein’s general theory of relativity) are timelike geodesics in some static background manifold
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(M,g) its configuration space is simply a spacelike constant-time slice N of M, where “time”
parametrizes the timelike Killing field of (M,g); for a single quantum particle we may more
casually write that its wave equation is formulated on (M,g). In particular, the Dirac equation
for a “free” spin-1/2 particle of rest mass m with classical worldline in a spacetime (M,g), when
formulated w.r.t. arbitrary coordinates (xµ)3

µ=0 of M (with c = 1) reads (cf. [14], [52]):

γ̃µpµΨ +mΨ = 0; (4.147)

here, Ψ = Ψ(x1, x2, x3, x4) is a bi-spinor field on (M,g), while pµ = −i~∇µ with ∇ the covari-
ant derivative (on spinors) associated to the spacetime metric g, and (γ̃µ)3

µ=0 are Dirac matrices
associated to this metric, i.e. satisfying the anti-commutation relations

γ̃µγ̃ν + γ̃ν γ̃µ = 2gµν14×4. (4.148)

Now, what is a “free” zGKN ring singularity, and what is its configuration space? These may
at first sound like perplexingly difficult questions, but by the principle of relativity the first one
has a straightforward answer, and surprisingly also the second question has a simple answer based
on the principle of relativity and the group-theoretical considerations of the previous subsection.

First, let’s clarify what a “free” zGKN ring singularity is. To see this, start from the picture
of a test particle moving freely in N , its worldline being a timelike geodesic in (M,g), which for
M =zGKN (and zGK for that matter, too) is a straight line in Euclidean sense, possibly changing
sheets by going through the (geometrical) disc spanned by the ring. Any static frame attached
to the static zGKN (and zGK) spacetimes is an inertial frame, but any worldpoint of the freely
moving test particle is the origin of some other inertial frame, too; so by a simple Lorentz change
of inertial frames one can speak of the zGK or zGKN singularity as moving freely w.r.t. an inertial
frame in which the point test particle is at the origin.

Next, we clarify what the configuration space is for such a free zGKN ring singularity. This
is a more subtle issue, for relative to a Dreibein with origin at qpt = (rpt,κ) ∈ R3 × {−1, 1} in
a constant-time snapshot N of zGKN its axisymmetric ring singularity of fixed radius |a| has a
geometrical center at qrg = (rrg,κ) ∈ R3 × {−1, 1} and a normal nrg ∈ R3 to the disc spanned
by the ring; in addition, if one “marks off” a reference point on the ring, then also an azimuthal
angle is needed to specify where that point is. Since this requires three spatial plus a two-valued
discrete coordinate for qrg, and two angles for nrg, and possibly an azimuth, one could come to
the conclusion that the configuration space for the ring singularity has to be five- or possibly six-
dimensional. However, this counting tacitly assumes a scalar wave function description. Since we
are working with the bi-spinorial wave functions of Dirac, the two angles for nrg and the azimuth
are encoded in this structure already (see the previous subsection), so that the configuration space
for the zGKN ring singularity is indeed merely the set of locations of its center qrg. Note that
also for the standard Dirac point particle one usually speaks of “its classical spin,” which is simply
formula (4.146) multiplied by ~/2, but this way of talking suggests more structure of a structureless
point than there really is — for a Dirac point electron, “spin” is purely in the bi-spinorial wave
function (acted on by the αk matrices); by contrast, the same bi-spinorial information acquires
ontological meaning for the structured object that the zGKN ring singularity is.

Now we know that the configuration space C for the zGK and zGKN ring singularity is the set
of locations qrg of its center, but which set is this, mathematically? Since the set of all snapshots
of where a freely moving test particle can be in N relative to the ring singularity is N itself, by
relativity (turning the perspective around) the same is true for the center of the ring singularity of
zGK and zGKN — so C = N for a zGKN and zGK ring singularity.
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To obtain the domain for the Dirac wave equation of a free zGK or zGKN ring singularity we
only have to stack up R copies of N (indexed by time) and obtain a manifold which is isomorphic
to zGKN (or zGK, without electromagnetism). Because of this isomorphism, the Dirac equation
for the bi-spinorial wave function Ψ of a free zGK or zGKN ring singularity “of mass m” is identical
to the Dirac equation (4.147) for a free spin-1/2 particle of mass m on a fixed zGK (or zGKN)
background: only the narrative of the variables in the argument of Ψ changes.

The last remark requires some elaboration, though. In our discussion above we have resorted to
a notation involving “Euclidean” vectors (plus the discrete variable κ), which are defined relative
to some Dreibein attached to an “origin.” But clearly, the location of the origin and the orientation
of the Dreibein attached to it are merely auxiliary constructs which allow one to invoke vector-
algebra and -calculus. As in Newtonian point mechanics of Newton’s universe, the physics does
not depend on the choice of origin nor on the Dreibein. In the same vein, the coordinates qpt =
(rpt,κ) ∈ R3 × {−1, 1} enter the Dirac equation (4.147) only relative to the center and axis of the
zGKN ring singularity, and relative to which sheet it is associated with. In fact, by axisymmetry
only two coordinates enter the bi-spinor field Ψ(t, . ) evaluated at qpt, namely |qpt − qrg| and
(qpt−qrg) ·nrg, which can be expressed in oblate spheroidal coordinates based on the ring, without
ϕ, (see Appendix A). Indeed, since Chandrasekhar [22, 21] showed that the Dirac equation (4.147)
separates in the oblate spheroidal coordinates (BL coordinates) which provide a single chart for its
maximal analytical extension, this has become the coordinate system of choice for essentially all
ensuing studies of (4.147). Clearly, the triplet (r, θ, ϕ) of oblate spheroidal coordinates of a point in
N are neither its Cartesian coordinates, nor do they refer to a Dreibein attached to the geometrical
center of the ring singularity or attached to the point with coordinates (r, θ, ϕ). Yet they contain
all the relevant information. More to the point, if one knows where a point particle is located in
N relative to the ring singularity, given by the triplet (r, θ, ϕ), then one knows where a point of
the ring singularity is located relative to the point particle (the ϕ variable in each case relative
to a specifically marked “reference azimuth ϕ0” on the ring singularity); and by axisymmetry, the
S1 orbit of the ϕ variable yields the location of the whole ring (both “locations” only modulo a
rotation of SO(3)) — this is equivalent to giving (r, θ). And if one knows the location of the
ring singularity relative to the point particle, then one can retrieve its center relative to the point
particle. Relative to some Dreibein attached to the point particle that center can of course be
anywhere on an SO(3) orbit. The SO(3) ambiguity is now fixed by the orientational information
extracted from the bi-spinor.

Lastly, we note that instead of merely re-interpreting the oblate spheroidal coordinates (r, θ, ϕ)
of a point particle in N as coordinates of a point on the ring singularity relative to that point
particle, as just explained, one can also change variables to other oblate spheroidal coordinates for
the center of the ring singularity; see Appendix A.

4.6.4 Dirac’s equation for a zGKN ring singularity (with / without anomaly)
interacting with a point charge located elsewhere in the spacetime

To set up the Dirac equation for a spin-half zGKN ring singularity with “inert mass m” and charge
q (as seen asymptotically in the r > 0 sheet) in the electric field of a static point charge q′ located
at qpt in N ⊂zGKN, we follow the strategy of the previous subsection and begin by recalling the
Dirac equation for a spin-half test particle of charge q′ and mass m in the zGKN background
spacetime of charge q as seen from infinity in the r > 0 sheet; it was studied in [52], and reads (we
allow an anomalous magnetic moment, and set c = 1)

γ̃µ
(
−i~∇µ − q′Agen

KNµ

)
Ψ +mΨ = 0, (4.149)
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where the Dirac matrices (γ̃µ)3
µ=0 satisfy the same anti-commutation relations as for the “free”

Dirac particle, and where Ψ(t, . ) and Agen

KNµ( . ) are evaluated at the location qpt ∈ N of the point

charge, relative to the location of the ring singularity. By following Chandrasekhar’s work [22, 21]
on the Dirac equation for the “free” Dirac particle (4.147), Page [62] and Toop [82] showed that
(4.149), with AKN in place of Agen

KN, is separable when the position qpt ∈ N of the point charge
relative to the ring singularity is coordinatized by the oblate spheroidal coordinates (r, θ, ϕ).

Now, the conclusions of the previous subsection about the “free” spin-half zGKN singularity
should extend to the spin-half zGKN singularity in the field of a point charge: it should be possible
to re-interpret (4.149) as the Dirac equation for a spin-half zGKN ring singularity with inert mass m
and charge q (as seen asymptotically in the r > 0 sheet) and possibly a KN-anomalous magnetic
moment, which interacts with the electric field of a static point charge q′ located elsewhere in
N ⊂zGKN. Indeed, all that would seem to be necessary once again is to re-interpret the oblate
spheroidal coordinates (r, θ, ϕ) of the point charge relative to the ring singularity as coordinates
of a point on the ring singularity relative to the point charge. As an important spin-off, the Dirac
equation of a spin-half zero-G Kerr–Newman singularity in the field of a point charge would become
essentially identical to (4.149), the Dirac equation of a spin-half point charge in the field of a zero-G
Kerr–Newman singularity, which we have studied in [52].

However, all this can only be strictly valid for stationary situations; fortunately, this covers the
totality of the bound states associated with the discrete spectrum. Our Dirac equation should still
be approximately valid in the quasi-static regime, but not beyond. More on that in section 4.

The reader may object that whereas the minimal coupling interaction term in (4.149) is easily
understandable as describing the effect of Agen

KN on a test point charge, it definitely needs to be
justified as describing also the effect of the electric field of a static point charge on a “test zGKN
singularity” (possibly with KN-anomalous moment) — even for stationary situations.

Remark 4.6.2. In the interpretation of “a zGKN ring singularity in a given electrostatic field of
a point charge” we appropriately should call the term q′Agen

KNµ(qpt)Ψ(qpt) a “ minimal re-coupling
term” rather than a “minimal coupling term” — this also pays attention to the fact that in the
interpretation of Ψ as bi-spinor wave function of the zGKN ring singularity the coordinates of qpt

relative to the ring singularity are used to locate the ring singularity relative to the point, without
requiring a notational change.

In the next subsubsection we shall vindicate the minimal re-coupling term in (4.149) as the
correct interaction term for a spin-half zGKN ring singularity of charge q (as seen asymptotically
in the r > 0 sheet), possibly appended by a Kerr–Newman-anomalous magnetic moment, in the
electric field of a static point charge q′ located elsewhere in zGKN.

Vindication of minimal re-coupling

To justify the above form of the Dirac equation for a spin-half zGKN ring singularity with inert
mass m and charge q (as seen asymptotically in the r > 0 sheet) in the electric field of a static
point charge q′ located elsewhere in zGKN, we show that the traditional minimal coupling term
in (4.149) which describes the effects of Agen

KN on a test point charge is actually obtained from
an electromagnetic interaction integral which is completely symmetric in the two objects “point
charge” and “zGKN ring singularity” (appended by a KN-anomalous magnetic moment).

We start with the following Dirac equation,

γ̃µ (−i~∇µ − Pµ) Ψ +mΨ = 0, (4.150)

where ∇ and γ̃ are as before, and where the four-covector P is the interaction energy-momentum
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“vector” describing the mutual electromagnetic interaction of the zGKN singularity and the point
charge. The interaction energy-momentum vector is defined as follows.

Recall the energy(-density)-momentum(-density)-stress tensor T with components Tµν given by
(??); for our stationary fields it is time-independent, depending only on the space variable s, and
in addition also on |qpt−qrg|, (qpt−qrg) ·nrg, a, and on qq′ and iq′ (if a Kerr–Newman-anomalous
magnetic moment is added), as parameters. Then P is by definition the four-vector field integral

Pµ := f.p.

∫
N
Tµ0(q)d3s,

where f.p. stands for finite part. More to the point, we resort to the early “pedestrian” renor-
malization recipe, as explained e.g. in [49] for the electrostatic N -body Coulomb interaction, and
as explained in our context next. Explicitly, we consider the classical electromagnetic problem
of computing, in the quasi-static approximation, the interaction energy of a (generalized) zGKN
singularity of charge q (as seen in the r > 0 sheet) with a point charge q′ that sits elsewhere in the
branched Riemann space whose branch curve is the ring singularity. Recall that with Maxwell’s
vacuum law D = E, H = B, the energy-momentum-stress tensor Tµν of an electromagnetic field
tensor F = dA is defined to be

Tµν =
1

4π

{
F λµ ? Fλν −

1

4
FµνF

µν

}
,

and thus in particular

T00 =
1

8π

(
|E|2 + |B|2

)
, T0j =

1

4π
(E×B)j .

Here for convenience we have already switched to the Euclidean vector notation (the local tangent
space of zGK is always Minkowski spacetime); we note that we commit a slight abuse of notation,
as we already defined E and B and A as one-forms.

Be that as it may, let the spacetime M be a copy of zGKN, with its ring singularity centered
at qrg and of radius |a| and orientation nrg, and let us suppose that a point charge is located
at qpt ∈ N . We note that E and B are of course the total fields, computed from Ahyd, so that
for the case at hand, namely the (generalized) zGKN singularity plus point charge system, they
include self-field contributions from both the (generalized) zGKN singularity and the point charge,
in addition to interaction terms. By the linearity of the Maxwell–Maxwell system, we can write
E = Ept + EKN and likewise B = Bgen

KN, where EKN and Bgen

KN are the (generalized) Kerr–Newman
fields associated with (generalized) zGKN, and similarly Ept is the electric field generated by the
static point charge located elsewhere in the zGK spacetime; we have simplified matters by taking
Bpt = 0, as appropriate for a point charge, and since the addition of a magnetic point dipole field
Bpt would in fact be catastrophic. Thus we have

4πT00 =
1

2
|Ept|2 +

1

2
|EKN|2 +

1

2
|Bgen

KN|
2 + Ept ·EKN.

The first three terms in the above are self-energy terms, the integrals of which over the whole
space diverges. At the same time, these quantities would be finite for instance if the charges were
smeared out over a small region, and then the result would be a (large) constant, but in particular
independent of the locations of the particles. Thus, in calculations where only energy differences
are important (recall that only differences of eigenvalues of the Hamiltonian have physical spectral
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significance), these infinite self-energy terms may be ignored, so that only the last term Ept ·EKN

needs to be evaluated. Similarly,

4πT0j = (Ept ×Bgen

KN)j + (EKN ×Bgen

KN)j ,

and this time only the first term needs to be computed, the second one integrating to an infinite
self-interaction term. Thus,

4πP0 =

∫
N

Ept ·EKNd
3s, 4πPj =

∫
N

(Ept ×Bgen

KN)jd
3s.

Remark 4.6.3. In our narrative we have been talking about (generalized) zGKN and point charge
fields, but the interaction energy-momentum integrals can be used to compute the quasi-static inter-
action of any two point- or not-point-like electromagnetic objects (subscripts 1 and 2) — in general
this will then involve integrands of the type E1 ·E2, B1 ·B2, E1 ×B2, and E2 ×B1.

Remark 4.6.4. With this P in our Dirac equation (4.150) its gauge invariance seems lost. This
seeming contradiction is resolved by noting that energy-momentum conservation still holds if to T0,µ

we add any divergence-free four gradient ∂µΥ, corresponding to allowing gauge transformations
satisfying the Lorenz–Lorentz gauge condition — which one may want to use to keep the theory
Lorentz invariant.

We represent

EKN = −∇φKN, Bgen

KN = ∇×Agen

KN.

On the other hand, Ept = −∇φpt, the electrostatic field generated by the point charge located at
qpt, is a gradient, too, with φpt as in (??).

We are now ready to compute the interactions Pµ. We shall show that Pµ = q′Agen

KNµ.

Proposition 4.6.5.

P0 = q′φKN(qpt).

Proof. We need to compute ∫
N
∇φpt · ∇φKNd

3s.

The potential φpt is singular at its pole qpt, while the potential φKN is singular on the ring
(ξ = 0, η = 0, 0 ≤ ϕ ≤ 2π) (in oblate spheroidal coordinates (ξ, η, ϕ)). The singularities are
sufficiently mild so that the their gradients are locally integrable over N ; i.e., the above energy
integral exists. To evaluate it, we excise ε-neighborhoods of the singularities and write the above
energy integral as limit ε→ 0 of the integral over the remaining domain. We can perform integration
by parts and use the fact that φpt and φKN satisfy the Poisson equation with sources supported in
the excised regions to convert the integral over the remaining region into a sum of integrals over
the excised regions. Using Poisson’s equation the evaluation is immediate.

Thus let Bε be the Euclidean ball of radius ε centered at qpt, and let Tε be the connected sum of
two Euclidean tori centered on the ring singularity which are cut and re-glued exactly like N . Let
Nε := N \ (Bε ∪ Tε). Then, since φKN is harmonic away from the ring and φpt is finite away from
the point charge, and using also that φpt satisfies Poisson’s equation with a point source inside Bε
while φKN is harmonic inside Bε, and noting the convention that n is always the outward normal
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to the indicated oriented domain of integration, we find∫
Nε
∇φpt · ∇φKNd

3s = −
∫
Nε
φKN∆Nφptd

3s+

∫
∂Nε

φKN∇φpt · ndS,

= 0−
∫
∂Bε

φKN∇φpt · ndS −
∫
∂Tε

φKN∇φpt · ndS,

= −
∫
Bε

∇φKN · ∇φptd
3s−

∫
Bε

φKN∆Nφptd
3s

−
∫
Tε

∇φKN · ∇φptd
3s−

∫
Tε

φKN∆Nφptd
3s

= O(ε) +O(ε1/2)−
∫
Bε

φKN∆Nφptd
3s

= O(ε1/2) + 4πq′φKN(qpt).

Finally, letting ε→ 0 and dividing by 4π we obtain

P0 = q′φKN(qpt).

Proposition 4.6.6. For j ∈ {1, 2, 3}, we have

Pj = q′Agen

KN(qpt)j .

Proof. We proceed by analogy to our proof of the previous proposition. Thus, with Ept = −∇φpt

and Bgen

KN = ∇×Agen

KN, and with ∇ ·Agen

KN = 0 (the Coulomb gauge), we compute∫
Nε
∇φpt ×∇×Agen

KNd
3s =

∫
Nε

[
∇×

(
φpt∇×Agen

KN

)
− φpt∇×∇×Agen

KN

]
d3s

=

∫
∂Nε

φptn×∇×Agen

KNdS +

∫
Nε
φpt∆NAgen

KNd
3s

= −
∫
∂Bε

φptn×∇×Agen

KNdS −
∫
∂Tε

φptn×∇×Agen

KNdS + 0

= −
∫
Bε
∇φpt ×∇×Agen

KNd
3s−

∫
Tε

[
∇φpt ×∇×Agen

KN − φpt∆NAgen

KN

]
d3s

= O(ε) +O(ε1/2) +

∫
Tε
φpt∆NAgen

KNd
3s.

Once again, the O(εp) vanish in the limit ε→ 0, thus leaving only the last integral on the torus to
consider. But, by the Maxwell–Ampére law,

−∆NAgen

KN = 4πJgen

KN,

where Jgen

KN is the electric current density (a measure) concentrated on the ring singularity (for this
interpretation we need to consider the continuous extension of N into its ring singularity, which of
course is no longer a differentiable manifold, but a geometrical space. Now we recognize that φpt

is nothing but q′× the Green function for the negative Laplacian on N , and so we have∫
N

Ept ×Bgen

KNd
3s = 4πq′Agen

KN(qpt). (4.151)

Dividing by 4π completes the proof.
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Thus for P we have recovered the KN electromagnetic potential (possibly with an anomalous
magnetic moment), evaluated at the location of the point charge and multiplied by its charge.
This is exactly the minimal coupling formula for the electromagnetic potential of the point charge
(treated as a test particle) in the electromagnetic field of the (generalized) KN ring singularity. At
the same time, the symmetry w.r.t. the two fields of our interaction integral formula makes it plain
that we are really computing the mutual interaction of a (generalized) zGKN ring singularity with
a point charge, and the same formula should also be used in a true two-body problem, not just the
two alternate one-body problems in “external fields” that we have kept talking about.

Remark 4.6.7. In the non-relativistic limit our result reduces to nothing but Newton’s “actio equals
re-actio” principle, which implies that the potential energy of object one in the force field of object
two equals the potential energy of object two in the force field of object one. With hindsight,
one could have elegantly argued this way up front, yet a non-relativistic principle in a relativistic
context would certainly have been viewed with some suspicion. Our relativistic energy-momentum
formula now completely vindicates this heuristic extension of Newton’s principle. In this vein, in
the interpretation of (4.149) where Ψ is a bi-spinor wave function for the zGKN ring singularity
the interaction term is properly called a “minimal re-coupling” term, as explained earlier.

4.6.5 The Dirac Hamiltonian for a general-relativistic zero-gravity Hydrogen
atom (in the Born–Oppenheimer approximation)

To make contact with the physical Hydrogen problem, we henceforth identify the electric charge
q of the zGKN spacetime (in its r > 0 sheet) with the electron’s empirical negative elementary
charge, q = −e; note that in the other sheet, the charge is automatically that of the positron, +e.
The point charge q′ with which the zGKN singularity is interacting electromagnetically is chosen
to be the proton’s charge, q′ = +e, which we treat as classical; thus we will speak of the general-
relativistic zero-gravity Born–Oppenheimer Hydrogen problem. Lastly, the mass parameter m in
Dirac’s equation we identify with the “empirical mass of the electron, me.”

16

On the computability of the eigenvalues

If the KN-anomalous magnetic moment is absent, i.e. if we assume that q = −e = iπa, then |ρ|γµÃµ
reduces to |ρ|γ0Ã0 = −(qr/$)γ0, which is a function of only r. The separation of variables Ansatz
of Chandrasekhar [21, 22], Page [62], and Toop [82] now yields a system of ordinary differential
equations which facilitates the computability of the point spectrum.

Remark 4.6.8. For the convenience of the reader, in the Appendix B we also recall how to separate
the variables for the zGKN Dirac equation, in the absence of the anomalous terms, applying the
method of Chandrasekhar–Page–Toop.

However, unlike the familiar ODE system for the Dirac equation of Born–Oppenheimer Hy-
drogen in Minkowski spacetime, the (say) zGKN-Dirac ODE system does not have a “triangular”
structure which would allow its solution one ODE at a time in what may be called the bottom-up

16Incidentally, one would therefore also like to identify me with the “mass of the zGKN singularity,” but since
the zGKN metric does not contain a mass parameter this would be just a convenient “way of speaking,” not a
concept backed up by any calculation. In fact, the only “mass” one could possibly assign it by any calculation is
its electromagnetic mass, but as for the Coulomb point charge used in the familiar textbook treatments of Dirac
Hydrogen, one finds that the electromagnetic field energy of the zGKN ring singularity is infinite. This is not a
problem for computing quantum-mechanical spectra as long as G = 0 because then the self-energies only cause an
undetectable overall shift of the spectrum, which does not affect the energy differences, viz. the emission / absorption
frequencies of the model. The issue becomes important once G is switched on; see the end of our last section.
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direction. Instead, two of the equations are intrinsically coupled, and their joint solution seems to
be feasible only numerically with the aid of a computer, for a judicious choice of parameter values
of a (see further below) and a few energy eigenvalues, e.g. the positive and negative ground states
and a dozen or so excited states. We hope to report on such a study in the not too distant future.

Next we note that for q 6= iπa the quantity |ρ|γµÃµ is a function of both r and θ, and unlike
the other terms in the Dirac equation (4.24) it does not separate into a sum of two terms each
depending only on one of these variables. It follows that the Dirac equation will not be completely
separable when the magnetic moment is different from −ea (viz. qa). A two-dimensional “vector”
PDE problem needs to be solved to obtain the energy and angular-momentum eigenvalues. This
would with near certainty be feasible only on a computer, too. In the meantime, we have to be
content with a few conclusions that can be drawn based on our theorems and some further analysis.

The spectrum in the limit a→ 0 of the electromagnetic spacetime

Under the plausible (but yet to be proved) hypothesis that the limit a → 0 of the zGKN-Dirac
spectrum coincides with the spectrum of the Dirac Hamiltonian evaluated directly on the a → 0
limit of the zGKN spacetime (or rather, its t = 0 spacelike slice), we obtain the following results.

First, since the a 6= 0 spectrum is symmetric about zero, it is symmetric also in the limit.

Second, the continuous spectrum is always (−∞,−m] ∪ [m,∞), also in the limit a→ 0.

Coming thus to the point spectrum, we note that since the spacetime is topologically non-
trivial, with a perfect (anti-)symmetry between its two electromagnetic sheets, also the limiting
spacetime when a → 0 will be topologically non-trivial, with a perfect (anti-)symmetry between
its two electromagnetic sheets; however, the geometry degenerates in the limit a→ 0: as the ring
radius |a| shrinks to 0, the ring collapses to a point, and the limit a → 0 of the zGKN spacetime
thus becomes two copies of Minkowski spacetime with a straight worldline deleted, but with the
continuous extension of the two copies into the removed worldline identified at that worldline (to
visualize this, remove the time and one space dimension and think of a familiar double cone in R3,
pushed flat). Moreover, inspection of the generalized KN field (??) reveals that in the limit a→ 0
with all other parameters kept fixed the electromagnetic field becomes two copies of a pure Coulomb
field, corresponding to a negative point charge −e in the r > 0 sheet, and a positive point charge
+e in the r < 0 sheet. Lastly, we note that the eigenvalue problem now decouples in the sense
that the variations can be carried out restricted to either the r > 0 sheet or the r < 0 sheet. Each
of these subproblems leads just to the familiar special-relativistic Born–Oppenheimer “Hydrogen”
problem, where the quotes around Hydrogen indicate that in one calculation the electron charge
−e is replaced by the positron charge +e, and it is well-known that this produces a negative copy of
the familiar Born–Oppenheimer Hydrogen spectrum computed from the Dirac equation by Darwin
[29] and Gordon [40] with the electron charge −e; cf. [57]. Thus:

In the limit a → 0 the point spectrum of Ĥ is the union of a Sommerfeld fine structure spectrum
with a negative copy of the same (both with proper quantum-mechanical labeling of the eigenvalues).

Remark 4.6.9. Incidentally, our discussion implicitly explains why in the usual special-relativistic
calculations one only obtains half of the symmetric point spectrum: the symmetry of the point
spectrum is broken because one tacitly breaks the symmetry of the underlying spacetime by restricting
the variations to be supported on only half of it. Of course, nobody at the time of Dirac and Darwin
and their contemporaries should have anticipated that!
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On the choices of ring radius |a| and ring current I

Temporarily switching to physical units with ~ and c restored, we note that the most suggestive
a-priori choice for |a| would seem to be “half of the electron’s Compton wavelength,” |a| = ~/2mc,
which is obtained by equating the KN magnetic moment −ea with the negative Bohr magneton
−~e/2mc; note this implies a > 0. Thus suggestion has been made as early as in [19], where
it was observed that the Kerr–Newman spacetime features a g-factor gKN = 2. However, as will
be explained next, the corresponding zGKN-Dirac spectrum will most likely deviate appreciably
from the empirical Hydrogen spectrum for this choice of a. Thus the identification of the zero-G
Kerr–Newman ring singularity with a binary electron/anti-electron particle structure would seem
to receive a devastating blow. However, as already emphasized above, our reasoning will also show
that the choice a = ~/2mc for the ring size is “too naive.”

Namely, we have argued that as a → 0 the positive point spectrum converges to the familiar
Sommerfeld fine structure spectrum (with the correct Dirac labeling), and the negative one to the
negative thereof. This is consistent with the traditional narrative that in the conventional Dirac
Hydrogen problem a point-like structureless electron is assumed, with an electric charge −e but
no magnetic moment at all. However, the same zero-a Dirac equation, now with a homogeneous
magnetic A term added to the Hamiltonian, is also known to produce the correct spectrum of a
“Dirac electron in an applied homogeneous magnetic field.” Thus, the effects traditionally said to
come from the “magnetic moment of the electron” are really supplied by the structure of the Dirac
matrices (with their physical coefficients) which act on the bi-spinorial Dirac wave function, and
not by an additional magnetic dipole structure of the electron.17 The same will therefore be true in
the a→ 0 limit of our zGKN-Dirac Hamiltonian. This in turn implies that for finite-a the zGKN
magnetic moment −ea will actually make an additional contribution to the “magnetic moment of
the electron,” hence −ea should not be identified with the Bohr magneton itself but at most with
the “anomalous magnetic moment of the electron,” to guarantee that the finite-a spectrum
will continue to agree reasonably well with the Hydrogen spectrum. The upshot is:

The most plausible a-priori choice for the zGKN ring radius |a| is a ≈ 5.83× 10−4~/mc(> 0).

So much for the a-priori choice of a.
We now come to the choice of the KN-anomalous magnetic moment, and in concert with it

a possibly more refined choice of a as well. If, as we have just argued, the finite size of the ring
is associated with the anomalous magnetic moment of the electron, then there would seem to be
no need to add any further anomalous magnetic moment in form of the KN-anomalous magnetic
moment. However, it is certainly conceivable, even likely, that a better agreement of the spectral
data with the empirical spectrum will be obtained if both a and i are used as parameters to compute
corrections to the Sommerfeld fine structure spectrum. In that case one would set iπa2 = −5.83×
10−4~e/mc to identify the total generalized KN magnetic moment with the “electron’s anomalous
magnetic moment” and use the remaining one-parameter freedom to optimize the generalized
zGKN-Dirac spectrum in regard to the empirical one.

On the perturbative computation of finite-a effects on the Hydrogen spectrum

Our proposed a-priori value for a is a tiny value (compared to the “naive choice”); and so, since the
relevant atomic length scale for Hydrogen is the Bohr radius α−1

s ~/mc, one has a tiny dimensionless
parameter aαsmc/~ ≈ 5 × 10−6. Hence perturbation theory could be sufficient to compute its
effects. Furthermore, all eigenfunctions of the Dirac Hamiltonian for Born–Oppenheimer Hydrogen

17Of course, since Pauli one knows this, but it is still difficult to not let the conventional narrative of the “magnetic
moment of the electron,” which suggests it were a true property of the particle like its charge, get in one’s way.
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are known when a = 0, so it is tempting to conclude that perturbative computations of finite-a
effects on the Hydrogen spectrum for small |a| are straightforward. However, this will not be a
problem of the usual perturbation-theoretical type.

In contrast to the standard situation where to a quantum Hamiltonian an extra potential is
added which acts on the same Hilbert space domain on which the unperturbed Hamiltonian is
defined, here the configuration space itself changes, and with it the Hilbert space domain of the
Hamiltonian. For instance, the symmetry of the zGKN-Dirac spectrum implies that one definitely
would have to start from the two anti-symmetric copies of the familiar special-relativistic Dirac-
“Hydrogen” problem mentioned above and then “switch on” a. After this doubling of the Hydrogen
problem one gains the advantage of being able to work with the same global coordinate chart
throughout. Unfortunately, the metric and with it the highest order terms in the Hamiltonian
change, which raises the problem of dominating them in terms of the unperturbed Hamiltonian.

Be that as it may, as a physicist one may nevertheless want to proceed on a purely formal
level and expand the Hamiltonian and the metric in powers of a about a = 0,18 then use formal
first-order perturbation formalism to compute corrections of O(a) to the Sommerfeld fine structure
spectrum (with correct quantum labeling) — the first order expressions are finite, as we have
checked. However, as long as a rigorous justification is missing one needs to be aware of the
possibility that this type of naive calculation may lead to incorrect results. If, on the other hand,
a numerical evaluation of the zGKN-Dirac ODE system should confirm such formal perturbative
calculations for small a, then one could have confidence in such calculations, and furthermore the
mathematical physicists would be called upon to work out its rigorous foundations. Such numerical
studies are currently under way and we hope to report on the results in the near future.

On the perturbative treatment of a KN-anomalous magnetic moment

In contrast to the technical-conceptual problems of treating the small-a regime perturbatively about
a = 0, once a complete set of eigenfunctions (or at least a sufficiently large subset thereof) has
been computed numerically by integrating the zGKN-Dirac ODE system, the regime of a small KN-
anomalous magnetic moment can presumably be treated with conventional perturbation theory.
We write “presumably,” for the addition of a small KN-anomalous magnetic moment to the zGKN-
Dirac Hamiltonian brings in the terms with factor e(−ea− iπa2) in the electromagnetic one-form
(??), which are more divergent at the ring than the KN terms, and thus need to be controlled
by the momentum part of the Hamiltonian. We have not yet established this rigorously, but have
made significant progress; we hope to report some definitive results in a follow-up publication.

18A non-zero radius of convergence is not to be expected, though.
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